
-. N 51 h-W.

1I L .

-- -L; . R
J11

U 1) PL 4)T

IL.

BdstAvaiableCorY



*
4...-,

.4:.,

4.

.4-.---

4-

4.

DISCLAIMER NOTICE
U.

4%~~

U,.

'U

THIS DOCUMENT IS BEST QUALITY
PRACTICABLE. THE COPY FURNISHED
TO DTIC CONTAINED A SIGNIFICANT
NUMBER OF PAGES WHICH DO NOT
REPRODUCE LEGIBLY.

'4

l.A.4-.

44~4

U'

~4*

- 4 4 4
U 9'" 4

U'

'.4

-4.3

'-I ~A.
A'

* * 4.4

4'

*4.44

- A 0.bb.U,4 qd~) ~ .44
4

4
4

w ~

.4-....-. .--.. 4.*. * 44** *44*44~4 ~ *.4~4lI-4~ ~ 4~ 44.4~



NEW Y~,)I.:

(&. '. f En r i nri
RES~~C IIiO . *

ON'THE JOIi'r-,ESTIMATIO N OF T'-, E.i1 WFCT R,", COSPECTIhUM
AND 6tIAD) ATURE SPECTAJm.O 01.TW.DM~I.

7STrATIONARY GKA.:'S!Ah "ROCCS5

t0N. Goodman.

Pa.r No .

AnJ

-,v' Tayor 8.--,

C1)-ac N n-- 7

* Best Availlable COPY



PAGES
ARE

MISSING
IN

ORIGINAL
DOCUMENT



-oi.ch- V1vhI n -u Col6ge of Engin3el~

ov TnI.'. Ik.T E xsT~IOr OF~ SPE~CTRA, 3IE~U

AN., 0, XD~AT~t11E ',P t'71NUM?' A 7WO-DV!!INSINAL

.TATrrNA~i GPA.351A.N PR00,FS3

* * * * * . A *by

S .tCo)n trnst AL 7- Z Q!3 ( F"sP)

1)%1 Taylo j~

t,-,L I ttc Pu~er N's. :

h 1957

Best AvailableC p



- .;nowa.gmen

Th c pae *cslt or awatto rcne

ch.. r. pwar I e' nsitheo ~ daiuottio ia pro'dcrted

.... N while the author wa3 a Nut~tonul Scluio Foundation

predootoral follow in Mathe;VULI em,

Te ruthor oxproisses hij gratitude to Profeasor

S Jo~i W. Tu1key for the c.uphiki and diaoticn that made

the dtosertatten pasnible, to Murroy Rotenblatt an~d

. . Leo J. Ti~ck for many hulpP~.;- Ailjoubclonst to Th.oodora

IP 31qmara and Patrioiik "LAth Co t,pl~ng the nanusoript.

. and pi'ovidinig 'ialuaUo advice, to the Amnorloar, Cyaniamid 5.

Comvn oer~nutiflS T&ib.1 V on .oir
-- )-oy '1'i AXrrouha E 101.

oo~.ur 1 o.d to the lBuruau nf Shipa and th.%, David

TAyIcr Model B3'sin for providin~g financial support. :YAn

7r.5

%'



*mTh6 p',bhh.)1it ty o t r ut %Ar o e' it' reutl two-dimens~ional station-'

ity(zero m ui) i u: 14. I( t v (I cc~i preo X() '()y , t < 00'

is a.pe0 if 1.0 ( 01 P ' 1.icu Lealy can tliou a c an. b'y fi (kf y

th. e s pe -t r a.:.do It I o 6. It.h x(O t)aind .-Y(Ot procesosn respactIvely,

densiT11 (n 'r' t nrh ~ttl~a trott 'the pro.irno

Jo~nhtly. t. iw%', I IiP (in a it ,,I -11U6 6nsO) 1' (\) \,*() q(X

CrOIr fil fi0 rlel Ip~i I C, t. un ori of Lht X( t) ,y( t)!c<

proces Am t p'1iutot. thdt Joint bir ipl.. dintribution (if

the tsstimiitoi't rot, r (W, Cv std) q?) 1  obtained. This

8pr~it~P ~~m~-Ig dl-~ t~U v o~daCmlX Wihart di btri.-

* button s Tve o an oo t Uioatnr tilg poIrnt. In (ho dlerli'i'iori of dpproxi-

Mate samtpling or*~u~ci ot' "tmntoris for-. 1'14iat, or of f,-.

The c~~'I~h as nkotli~ted, by.'tha ncoed .o crxpcrimen tors

In. f leds 8~1tin vvil cromretorcohgy, oceanog;raphy, olectridal.

e,-ig~reerin.s, 411, ond 'L ic c-n noering to Itlit'ititically euitinmate

~p a rnt vr" s 'er khol ~wr ptti-ticul I r physical1 3y~iten and

to* tO .. a t"i i in 1f 1 Vn rI zt%, 11 tY of an tlimitorn for the ."parame ter's".

* a s ~ 1)? 1) 1, ithE v~1 o r3 toslf 3tratdoe ruric Lions

oft~o dv':iI .tlii V f~\ C( C \. K), q(.X)0 at 101.1~1 'ti/-dimenolonal

Bst Availjable COPY



q 3Statoentnt oC P~roblem and Bel.uto

1.0 Introduction

This chapter states the asttitiori prcbl-oiu studied,

the m~otivati.on for Lhe problem, anA the re~su'.ts achinved.

*1.1 * Cneril Stateme~nt of Protbk m and IItsults

The pr'obability structu-re of P. rea) two-dimeinsiort'j±

stationary ( zero mcan) Gautsion v, ,-r pr- ce.s2~() y( t)J

ro -c< t < co Is spocifled (in t'he tba.lut.oly contlix.ous

case) b y th o :ipec tr1t densi ty n~ttrix

(1.1) xy

where mu~

r&j coninuous, fX( fxx) 1Y Y

4*x >~ o, r' 0. f Sx-I )1

f SPOC'Fral density of x(t) pvo. ens,

f( ) oectral cden~ity of y(t) procem,i3

f (~. c(~ + i(X) >~s 5c~ctIf..derlity of *

thc X( p rocess with tlu v( t) p-cceis.

A4



co) cibfspbl-al donaity Real-.part f DO, "..
q(% w quaV.r'ature upectral dens8ity

*Im~aginary part f (CYX2

Tihe disae rt-tion treats the problem or joint-ly ast±-

mating f W, f .), ckx), q(%) fromn a rinitopart of a

a am~p Ie functlun of the Cxlt), y(t)] -process. To be rit're

precise, w~hat 13 e,,timatrd is not the *apot t dernities

r 06 r (X, ), q(% ) but weighted Integrals of' these

densttle3 where the aeighca cro' such %s to concentrate most

or thellrz *,ss In narrow frequerncy bants. Emrphasis li

pleced on the study cf the soi'pling variability' of the estl-

..atars. A~n approxir-Ation to. tho joint sturping distribtns

of the estimators for ff ',f(), 0(A), q(>.) Iit

obt.ain:d., This approximate carnpling d4lstributiov is t ar.c

* . a Comiplex Wishart diatribution. uprtain distributions -

'4 ~ .deived rrom the Comrplex Wishart -rituticn ;ro apprcxxl -

riat.. sampling distr~b'utions of ostirmators ,'or functions cff. .

f A ), f \) c(% q(X) such as ''.~J

f r C f f

arid si-.ch distributions are extensively discussed.

1.2 Motivat~on and Orientation '7

The diasertation was n'otlv~teci by the neod of exner!-

munter3 In fieldv such as ruorec:.1 ,oceencgr:'.phy,

-2-1
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al rclegnirnad aoatclegneigt

Stk~~tlkllye~tmat %pafimters chracerizng hei

eltical phyical systems a-~ns tcl niiern to -ictElea

variabili1ty of the estimrators ear the "panriter3*. in-

a numnber of z!!sea the "para.etmrs" ;o bZ estimated a an be

r e,;&rded, as functions or thc .densities f C~ r (yX).

phsca Ignificanca are rven uy'(1.2). To illustrate

th s. the fcllowing (scrtcwhat artifical ard idealizod) ..

"a~rpi from 'the theory enf gravity waves is given to shiCW

'hwa statistical estima'.e of the function Axg,(C.+iq)

Gcnriider the 3nRI1i orci11ations of the free our-

faae of an Incompressible infinitely deep fluid in the

Case when the notion Is suzh t'-st the free slirfacb at

furrows. A ipehroi iv f recuency, W*

u 13 tlie- a wave su--h that the- height of the free surface

at position L. anid ti-,e. t Is given by

N -~ w&Ve T] " , t) ;-.rogressts in the po31tivt% L dlroictionv. .KN.-

%, For a SL~::~t nof scuch ?rc.renrI wavt-3 the ' reeN*0 .a

N *surface Is given by

hi -)I4~S *iq S

* F7'.



04.

aa ran~dom (independent phases), superposition of such progressive

Wives the free rurtaeo Is given by

S i(L, t) T coa(wt- dU(w) 4- LLnctV

tC(w) an~d V (w) are real~ Ga-jssian procOeses

E dU(w~) -E V (w) U0

7; dU(W~)d'(W') 0 Ed'dV')) 1-

0 d

.:renroe3:it~tiofl (1.5) 3orvo3 as a ratheratical nriel for

iWhat Is tormred in oceanogrsPh)y a Gaussian infinitel1y long

crested concNsed 3oa. Consic~er now the two-dimnslionll

- 'oes ec() y4(t) I obtained by ~easurig the

he.tof the frve surface at two points whi.ch are a diu-

%Inz L, apart. If there are no errors cf nieaauror.Cflt,

tx(ty'(t)) Is a Lw-liasca staticiary (zsgo rnesn)

:1auss'laf process, and the spec",:' mc~it atrix oO this

rroce3s is

I L)2 L 
.

*' 1I01



Thus -

(1.7) t(WL) - (Cj)

CW) + 1qC)L

in f, howaver, there are errors a (t) &Lnd a (t)

in mesndg h h oight 3 ( t) nd y( t) re p ctive ly,
adthetie orror3 are .narple fun'ctions of sttttlz-nry '%zerb

mo~ain) ciaustn processes incoherent wl ch each other. and

with the rando-, hei1ghts x(t), y(t), then Lhe spectral

density natrix cC the process (x t), p-Y (ti 1

-A-

f() O(W + W

ex 4

* ~ (1.9) yy e

-i OiL -*~--*4

+w *Iq (W)= a 3(wL) s(W4cO;!t- 4__

Thus,

Ax; - .W

.--. fix

(1.10) ~ ~ 4lqogo



%', and the phls ca1 con9,ant g is Piven by

-4 ,.'.,•, .•~~_ L$. ..

If Arg [a (w) + iq*(to) Is o tI rated from a finite length

of moarurod record Ix 4 (t), 71't)1 0 c t T, an estr.ite

)f g can be obta'nod by subatitut~ng thin eatimate for

Arg[4*('.j) + (01 in (1,11). From (1.7) and (1.9) it

Is seon that C *(M) + 1q*(W) -' (L-) + lqfw), so that the

errors ji (t), a (t, do, not affect the theoretical croas-
s ectrum. The orrors do not however affect tha vrrability .

l.o estimators for the croas-spoctrr.., I- gencral, as

Se a), Sy(co) increase, -he length of reco d rcquired to
ox ey

c.tiimate the croJs-sp,-.trLr (with fixod conridenco) also

increases. The diasez'tatlcn provides the machinory for

quantitatively stud-yinw how the variability of the estima-

tore for the spectra und aross-apEc bund, whjAt !a of.

parttcil.ar interest in the 3ituat!or juat treated, how the

variability of the astiirutors for kr-Z[c'() + iq "-

vary as the lo,,gth o sn.;le reco,j ..ncrea.ie3.

Spectral donsitle j are :'3aent!ally variances and

Cospectral and quadrature ,.pectrc.l d~nuitias are esantially

covariances. One can thu3 ri.niy think of the dissertation

83 dealing with a spocii1 topic in the thoj of mcan-irlng..,

variances and covaranceei, ard wi.h relation of such

.o0 ,-. nts" to ,arar..terj rf p.-.2Ical nign'f c o.

, -, ,. . , . • . . . ,., , . ",. . *-.;% ,*..% . . . J , . , , . , . . o - . . . , .. . . ' . . . . . . ,



Th ..ev tha ph p. al.,ar1e 3 anlbod tr,.n db

*mtiA.,4i~~r~,.' ,r~n f a o .: it.,ia w r s Is n t e . O~

roltalna the corr-'at orinntr~tion Oy coriald~r'..4 trne rf>iow-

k..Ing clan~oi'na exunplo 'rom the. Vineti'c t*hu(cry cf gaser

whore the molecular origin of Brownian r. t -In -,a3 con.1rred

by the quantitntive agraetiment of tha reas-.;ed dizplacerments

o' v Browniain r otion p~rticles in a given. tiewith the pre- K.
I'ted vrlue of such displacement L~acd on 1,. -. eory or .

intiridvon Snouchowkj.ccdic,~ ~ yo

whr 
Vvimr n~Thr

t(t)-te comoesnic.n or dislacncty of rc. .r. n

in ioip rtce In timo an ad % r~

thes A rm gs ontit~.nt f.'h~~' ~ . .. 6 *~~'*

gerthe absolute .th '-ert,, .

N7



dutormined from other ox-criments... Suoh r~.ua ru r rraen ts also

served as a basis for determining the Avogdro flwiiL-,r 14 *'

9when theoconstants RAp Tp r, V were kcnown from othor sourcoes.
y~A.

1.3 Cotr:7nt3 on th o 2zton tsof Chaptors 2 -a~

Chapter 2 contains an exposi ti, n~ of tile probabillity '

theory an which the eatimution problem Is bDased. The prin-

ripl orrorces for tis mterial are ( ZD (31 . (151, (161 . .~ .

!a Chapter 3 estirntors Car the spectral. cospecotral, K . -

S.and quadrature spectral densititea are specified and studied. 1

The r0tori al at this chrpter extends the resul.tb or ',ukey

(171 to the .two-dimnensional. case and uses r .ny of the re- -

suits and ideas of. Tukcoy (171.

* . u material on the Coriple.di !hart distr butiot**,

IN .and related. distributions which coriprisos Chapter [j IsI

believed new. The Comrplex-W~izhart dintribution and related -...

S distributions t.ve the distributions of the sanpie secon~d

momtents of cornplex Gausslwi random variables aaid the distri- \.,

butions of cartain fuctions o.* th~se sam~ple rno~rnts respeu-

tiv.3lY. Tna distributions ure used t6 study the sanmpling

variahility of estim-ator-s for the speztrL-al, cospeotral, -ind

quadratune spe~ctral densities, and tns sarmpling variability . 5....I

of the *,;tlr.atcrs for functions of these der.Aitino. Other

applicati.ons of these distr.1t'..ttoz's n~ay coriculvab'y rkri.-ts

. and f c this -,.ascn Chapter L4 is so written that i t mray be 7.7

roa.1 rt~o t xerring to tlho oth-' 2hipters.
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2. Stcatc Scse

%~~~~~. deintrosaduc vaud esaabofuoio naapc

Th c owiachlt a probablityiesur a P dtIs defied.

oohetitate the 1 alleoud esa 3ia. spae and w cra-1-nIna.

sidr the estx-atn prandom trad s in ) andta s r uth

ranedo vartias hapter Cfors th3 nost part, pr(o.whare

siial a codmlx1iension-l rand om variable i s L

*detined as a re-vpled nea..rp3x:ablo Cuniona r'ianapace

v~riflO3 onThc aoo pranilit vqaba ne Pl La 0 aerny

aid te copeitvalu-ed rom~no variablea d(Lj), and suchV

rado vribls r c~i~dasZ -U~.i~u 10.r

lb-Xa)a.iYca r ~lv~e ea~rbe~~ira
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A stcchastto process ..X (W),ta1 sa noe 4

AMI*Pt!%rt t'f 7'SP'ioY vx1*b ArtmAcnfl^ thA "PA*f'

(Aks is custom~ary with randvi% Triables.oxplicit referene %.
to the saLpla Space fl Is u*'.aIl.y not rade). If the 4' X'y-

4.kl P~ ba 1.e3l X ax's real (4,orplax) tho procosa is

sad to be'reaat (ccripliex); If rado v~riabl.es X

are kc-x-Iinsional, th6 process is said to be k-dlnenaionia1.

*. k-dl-insionaL process 2~~ ) is ret.,rred to as a

____in th!3rpts tn ;-1ertic- wifll be

lL-:ited ta prirnarily one and tv2- imensional processes.

7ie -'i.d4X set T is usually asiuzvid t. - 'nitIe. '

6he ir.~sx set m~ay, for exi-l~e, b5 the r. ntinuoua real.

* jnfl tt; -oo < t < oo). .Ln s--h a case the process is
sa~d to te a contlrnuoue paranseitr orceas. The Index ,

set r.ay or. the other hrtnd be a .4-:scrate sot of points ::4.4*4..:~.

such as the set ktk=.,, 3l2.1 In suuh a ''~.

case t*he process is said t~o bs a discrete parmeter

Z oc es 5 T7he in~dex set T x--& te quite general and In '*~

.e 1-731allY rG O:ant Situntlcnt !.n-lex set.' T consisting

4. ~ n-d!_L-.3.*nna1 vector spaces :'.;3,aily for n=1l,2,3,4&) 4

h'ave frequen~tly bonn em~ployed. F'cr the purpose oiC the d ________

;:rezent zr: er It will suffice :~restr'ict Tto bo the k.. 4..

e real '.Ie It; -00 < t < co) c the equispaced discrote *'.*~.* *

2 ,ut Tf the real. line. The -'4

tar t In tr'qr-y phscr1 repres5ents t ii'.a4,44

an.d It*-as becomeo custom"ary t; refer to stocl-a~tic pr~o-

Co3.sas !:.n.'.exed by tiMO as "'!Me -5~ eq

.%4.

444~1 '.4. :K~
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2.2 StA tion*ry Proo sa a6a

C~onsider a kc-diensnional oomplex-valued prooeac

t 0Aa~.~ 9j, wheive T i- w !:rtt Oit9~.'t the con-

tinuinua group (t-w 4< t -r oel. or tlie disorete group

tkt;c'..,-,~l,.. w~hero in both cases addition id the

group operation. Let A denote any noaaurztbla et~

A < S1~ defined by a constraint on the r~Ardom variables

*xte T, i.e. AmC~Xt,t e TJ. Lot A~ denote the ett

ac T1 iihere T ~. The process Xt,t a T1 is

said t6 be strictly stationarZ or atronglj ztktionarX if

P(A).?(AI) for all c T and all measurable set* M
A.h ~ n n ft h l it at emene t ie that the %

probability strucoture of a continusus (discrete) strictly

stationary process is invariant under the group of con.

Assume an Cia rttrnel tek. teprocess xt,t c T is

(2.1) 3 x

adoovariance* \Z\.

(2.2) E (AsC L 8) t "1 ) -coy (X 8,Xt) -M 1~t

exlet ar~d Ar'e finite for every sat c T. Here X~ (for-..
Lixod t) danotas a k-dirmensior'al row vector of ocmtpleZ 4

random variables irnd X'dinottia the convjugate transpose

of Xt. The 1funition R5  is (kc x k) natrix vilued and

-12-'
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is called the eutodovar'aice function ot the prOcess. The "'

hr n the wide sense) J."

(2.3)I

and "

S(2.4) R
.% 3 t S-

*,rt ia clear that a strongly stationary process possessirg

. second moments is wekly stationary.

2.3 Gussian Proessea,

It will. suffice to here restrct Xtt e T t3 be

a ral stochastic process. A Nurition X t obtained by

f ixing a in xt(.) and letting vary is called a
sample unction or realization of the process. (If T is a. - "

" a discrete set, the, sa.:-le fuNnctions are sample sequences)"

-. iOne can consider a stoch-stic process as a space of .. - ..
% unctions EX '*(the sarnvle Aunctions) on A~ich a prob-k

tj
sbility measure P Is defined. Let tit 2 ... tN be any "

finite set of para.-eter values t. Tte rualtivartate dis- '

.- tribution of the rand-)n variables Xt,Xt . *..,X I.e.

"-' " rob [ tl <  x l, x X t X: . ..-- 

.-
e 

*ap2 r X2 t x] 1s termied a finite

diminsional dlstrI.,+-in or the poress and Is denoted by

N N;tl ,t) The ;r - 1t oasue P

.,

, - 13 - "-a 'iL..x.

,p% 
-. ,,.

2"., 
.'...% '.

> ' ' v ~ f + ? *'[ S v : > v~ v ; ; : ; ..... ,,.... . .. ,,:...i,,. . .,:..:.,,..,:.
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V -..4

on jI. can~ be' intro~duced by proscribing a mlutually con-

r, i confl s teL~ rx ndIltiona ec1l.od the c nn3!tAMOY cond!tt, nx

2. .1) every .Fk Is arnotrio ~n all Fairs (xv, tv), &z %

%x t for 3ck.

the. finito Vrr.n:r.a3!cna,~ distributioni are thus basic -Is--
1%

tr Ibu t lora sC o i r n e and prcces sos are Croquently %..

t, -. a. I ~t ed aczrdl. ig t. theLr flnitD dzimensional distr!iu '

nj 11"a prccessi is s-:rongl.y station~ary

A stochasti: processi 13 .saled 0sussian ir the 4oint die-

tribut.ion cf every finiIte so't 0or ' 'S i3 rmultivariate .S~*. . 4

Ciuisiar, that Is, f ". evr firilte set of t2 L1t2h***Dt1 CT,~5

the joint di±itx'bution of Xt ( ' has the ch'a&cter-tI'- tN
2. N.*J55

-3~~ *55.tlN.,5 N' %*
% S~S J 5

S',. ,,,'4 ' J, of 113 for t~ e:Zi ~ti.o
S. * cor.i:.ructing. the probeofl.±ty r.ea-wura P. 5

455 5 *514
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and t
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and .(2) in the two-dimnensionla case a i.W~5~

'.4~A ( sXi yl] E X p(t~"'

N~~. N)) '
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Ineto ca......... matri Ii(n t) i nrer n

non-negative~ ~ ~ ~ ~ ~ d.. f -it' I h rati -tt

.. .l.,7. 
S

wohe ie R einite. Zro the drotrinan o 417.t 'Ir t, and

(1)aI the oabl etydieni a fucion ka

(2 r.tc ext irt .... Rut )I*9

and (2) In the twc-dimeisiorlal case (k=2)

.t(xt -Utut 1 A

2.hi Weekly Stationa.ry *'rocsaaS3

* 2.i4.1 Then contirnucui paramatir reai one-dinonsional ..

The proceas Xt,t e T is assumed to have

mean. li 0. The covariance function R,, E XtCXt is

assUred continuous at c .Op so that it is then bounded

and every iher'. continuous. The fun~ction R Is even and .,.-

positivo definito and hence the Tourier cosine tranuform of

a roal bounded mnotone non-decreasin~g function F(X)

calleod the spjo,,tral1 function of tl-ie proceis.

16b '

p.~~-7 -.%es ,;7sD

174, %
V,..
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(269) 003 rX d'

0.4

The speotral. twnotioi *F(%) car. .expressed as th. suni

of three mionotone non-doreeuing functions

(2.10) FM. P* a + "(d (X +. a,

% Here 
* I*' *

.(a) PF(x is the abuolittely continuous component;
4I4

p ()) f(x)dx where f~x) .0 % ,

* d) F~(% is the discontin~uous component;

''-4, (d r '

wlbers X denotes, the, at most, denu-marable

number of discontinuitiesl of F(X and ~ "--.

denotes tho.saltus or P(x) at x Xr 44-

(a) F MX is the ain~ular ocmponont; -

F M Is everywhere continuous and has a

derivative equal to zero alm~ost e-erywhere.

T.-he case of physical interest is that in which i(X) is

4. absolutely continuous with a continuious dorivative..

*Unless otherwiso Apecified it is assumed that 4

F(X) - / Cx)dx where L' > 0 and cntlinuou3.- 44 4 4

0 *"2L ~017~
4" '

ON -os '4

%Ai,

4~4~7*
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The function. f(X) -is called the spaoral denal ty of the

process. Prm(2.9).
N..-

The pro..eds xt,t z T can be axpressed in the oarnonia al.

for (3pootral ______tttln f h process)

weeU(X) &rid V(X) are real processes with orthogonal

Inreensantercese__X and V(X) are ortho-

gnlto each other; that is.

E dU(X)dU(Xs) 0 E dVo.)dV(V) if x 4 x,

(2.12) E dU(X)dV(X) 0 for all X.)

E dU(X) -E dV(X) -0..

'41 Fur therinore,

C2.13) E (dU(] I Z [dV(X)] d?(X) f (X) (.

The Integrals app3aring in (2.11) are sto~chas tic Integrals..
N.,3

An integral such an

b ..

12.14) r g(x)dU(X) (g(X) real and continuoue)
a

is introduced as follows:. .,

'.4.Consider a sequence of randomc variables 1

defined by.

(2.15) 1 vs) ~x~~) U(n) - v-i)

n V VlV--

.4 . 4% . . .4.,



%.

(n),,t~n), t .t~n*

whore~~~~~, a .- a b ups

(216 11 .. tv _V~)

(nn.where~~~~-1P & t c..r, . Supc

to a ralin vt~riabls 1. 'Furthermtore, If I1 is anotbor

sequence formed with the ame UO.) and g~k) but with

another sy'stem of points t~n) satisfying (2.16) and
* .

oonverging (l.iormt) to the limit I,' then I and I
are eqiRivalont. Thus

b
(2. 1'j) I gf g)dU X) - .i.n. I~

7rom the orthogonality-incromant property (2.12) and.E ~~~~

* (2.13) of U().

(2.18) 3. 1' - g F()L;

so that

(2*19) 3 g (X)f () d).

*1.m. X X if 1r i l E -X 0. ?'urthor if

a.. I X aro random variables-suoh that

"p .i.m. -n X and 1.i.m. X * X 9

then X and X are equ~lvalent randon variables# I.**

11WI 1 (W Xt(t] W 1.

-19-
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.-- A ___

X~it e T as R ra ndom superposition of trigonometria

func tions. The increments dU(>X) and dV(X) are the .

random ampl~tudes of cos t% and sin t%. respectively,

The apectral d~nsity f(X)dA give-t the variar-o of the.

random ampli tudes dU(X) and dOMX.

;..4.2 Trhe conttnuouu parameter real two-di-meti- ..

!Har3 X [ x, y,t £. T - tI-oz < t < 00]j. It ia ais.
.. t t t

ru.ed that 'E[t, 7t [0,01. The covariance "uno t ion

(ass'tie d finite) in

Xx xy
(2.20) R.C R~X Xt x

YX yy

Clearly, RC R.

It is rurth, r 2zu-ed that

a ..

7:-a condition (2.21) implies that all the covariance

^unctions R A, R Y, ,yxR are contirnuous rc r all values .. *,* 4

4-)



'dCl.

%

"h coains functions RXP %xRy ct e-x

* (2.232) 'Rx.(I C3 Tx dc 0.) x 0 y

pr+e In the T-x X

00

00

xy yx_ 
__ _ _ __ _ _

+1X n yyx r h spetrl rucn of~ the prcese

xh an tin repciey ThP, function. Ce rea rclled

*th,& fopcta unction and the tanetion , the aaad-

rature snectral frunztlion. T1hose spectral r-ntzions satis-

ry the rcllowing inequalities called Cl3-iny Cnditioniss

*For every (1XzX 0 < ' *

(2.24) (4C) + (Aq) .~(AFXX )(&Fy)

where 
.*

-21.



A :A:

this~**% can** Th pi i asme ta

)6 X-.

A0 0n th7.~-inninlos testaino hsol-

Fnes IL eo) e r which the P~ota fuo n d%

0* 0
0'

(2.2~) "

where the ranctions f (X).f o)c() and q(%) arexx
continuous. The functions c(X) and q(%) are termed the

-!otral denaity Thnotion and qadratur' pora esty. '

function reapectively. The cospectral densi ty function

c(%) (definmed for. X , 0) is twice th-4 real part or

CX (X), and the quadrature spectral density function q(X)

(dafined for >. 0) is twice the, izug~inary part of 4--~

(X ), where r (x) Is the coan spectral density function
xy XY

I? 00 4

4.(2.26) f c() t R H(% e~~d
00100

00 *
(2.27) R C) / I' )e dIL

xy -C rXY

S!nca R (T) r- 7It -) f r(X) *~g
lx. y YX

Sin-ce R (-r is real, f -(X) -A

-22-



Thus

xy0

)?zotn (2.27) one obtains

(?929) fl N) Co IC Xor 0 Re t f X d + zn~ fx (x)d'k

.- Oo7

whiob by virtue of (R.28) reducoa to (22~)'_t

o(X) -2 Re f 7 ane.d q.) 2 Im t CX)

A real two-d±-manaional process Eatistying the ar.--

tinuity conditione (2.211 can~ be 6xprsaad In the cerornlcal

form (real apeotral repreaentatioi)

000

(2,30)

00 go
Yt /Cosn tx d (X) +/ sin tXdV(X 

**4
0 0 7.'.-

where U () V 0X) U V are reoal processes set-
N'iafying the following relationst

(2,31) E dU1 04 * S dV WX S (1) S dV 01) -0*

* (2.32,1) IC dUY ('X) d7, (XI).

-23-
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I.t . 149 0~

(2.32.2) rc dU (X) du 0

V- V dV X

d-(X r (X)dX. it X X 4..

(2.32.3) E d V(X)V 0~' X E dU (X)dV 0
.6 1

E dV

ifc X) X,(~X~' k.u)

(2,32,5) E dVX(X) dV(')
* ~.d% i f - .-

(2.32.6) E dV,(X)dU (k'
-d~~(X) -q(.)d%. if Xk. ~

*4.4 ,

Thea integrals appearing in~ (2.30) are atoohantlo integrals, *

The speotral reprooontatltcn (2.30) exhibit& the proooas

X ctt Yt1' t £7T an a random1 ouperposition * 4

WT (-&) dV (M coo tX[:: du DO. dV (X j n tX.J______

'.L- Y 2[7

I 424

4.L

-.- ~~*.-A -&. . * .



.. *-.

'C

of -rgnmti -ntos Tho inurmen d

on therieoromettiaonr. and irmlatl dU W) andtx
dV (X) are the random Bamplitudas of cos tX and sini 0.tn),

% V*

th. representation or yt. The equatione of (2.32) expreew"

the covariance relations between these random amplitudes,.* ~ *

On., observes that any pair of random amplitudes at~

* different angular frequencies are uxioorrmlAt',d. At'a.*. .s.,

fixed nnniliar fraqinnny X,' t nddVCX are un-M

correlated as are dU (%)'And dV MX,' and the spectral

density fxx(%)d)6 gives the variance of dU~ MX and
X % ''* * ~ *

dV X(X) and the spectral centity fry (X)dX givos the
x . .. .~ .%

variance of dU WX and dV (X).* The cospeotral density.
7

* and quadrature speotral deity express the covariance:

* .relationships that exist between the random amplitudes .

dU~x(X), dV..M% ..if the x-eomporkent or the procesn and

*. the random qmplitudes uiU (X), dV Mx of the y..ccr~ponernt

of the process. "noe pair of random amplitudes dytx(%)* . ..

dU y(X) as well as the pair dV x(X.) dV (X) associate %J~*.*.

'in-phase* terms or the representation (2.30), I.e. %

* each member of t'~e first pair Is an amplitude of Cos tX

* . ~and each member of the second pair ti. on nrnlittVi of .> **..:...,

ein tX. The pair of randon nmplitudeai dU MX, di %X N

* as well as the pair dV1 X)D _2~)asoite~

* . quadrature" (i.e. Tr/2 out of' pln.te) tovms of tho .re :resenta- L0 '' S

ti;n 2.30), i.e. IC on.) :r-in',r ' L' a pair is rnv f~:td

25.
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* I J , .

ofI co t.% th ohri napitd-f O X -

-t~i temnlg of .i-ha1 and .I-udaus on-a

conca~lycipras te moningot te copactal 8d qudra

ture~~~~ ~ ~ ~ ~ sparldnii- h ooeta est (,d

(o woitin th othr of t) athe ud cvraoo bewn two.ha..

th"in-uarte Ormiolgy o aplitu.~ ds Mop qdiagratme onev an0 L

bieo the carianoc t eth e ainatw reaions.m adm ipi '

0~ N~~

tudesd anfhxxdrtr pora est (X)dk ie

(to dt Mihi a -ato of -th -oalac -~ter

min...quadraturo'randaX) 0~pitz~ . T" da'm ivn ~I

"a00

I ~ ~q(X)dX-

fy())d f (X)



X, the prea ut sGus%.,te nrmns

thtan p aires of , icements [a fo exml .U .

d tdferntnua freuenci~ e Iceet

anre variablnest Fudrthermoen and cvariance roartlnce

matuoT. ot thes ido ( ara)es Thus, V(X Is givn beny

that ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ -t an~01- Iceet tstreaml UO)

x j y

du (N ) tcOe -qX) C (X

so that obt)alnd dVy~ obs ren thesampe fucs on are '

.tth .l~rt 30t. here ar--e3 tdmntg krn~ k 1,01,2

Itesasea o ht ,t T be RL Eh for-st k kV t
%** -A. 

'4

Xk-Pk d.2et .ree

.. Xa.~ b&ne yosrig sapernto~

a1 1ekysainr otno.aprmtt rcs ,



a s . . . ... (,A*

Ther covAriace saenea (bt)nded mon-1otne . is eveeasns

and pm osted (er±.i*oand oha.rwe sptfe) obIb

((a)t)t

Theotroce s i h otncaprree cane tbe *xp otio *.a**

In hecan cialled the(spectral. rep ntt on)hepoc

Indremnt thsato ar~ea othooalte achrd o to,. ~

in slterms nonnous th apcrldnyoh continuousdriaie.ta

FoThe roasiou protons 2 ~PD 3 2 ~'cnbeeprse

00-r-w

* - in te canonialR(,% r sctra v% prmenatioi)
0..-,.

(2.y)~ fso ~ U~~J~] f ink~dv(t2l.



W.a

%. Thus#a

00I . *~

It~~~~ ~ kA t o*)&tfXd

*( 39 k..aP 
.

(o~kXt)(Xd

ir is even,.

(2~h) / ooa(kXAt)f0L)dX'a/oO ACm-. :~ a

i. in odd,

(2.4) eo~kN~~f(XdX cs~kXt~f(%+(M j
0. ~ a a

'a 

a a.

a,. 
a.

-rt 2w

(2.42)a 
a(t w coa 

aA4 *, a)

(+t) %) + .w 2w X)+ j

V.pon makcing a change of' variables&a * a

a' ~k 0 0 k

+f ____) at(&t

*wha~e a ,.%A t T__ s__,_.

29*~a

a.~~aaa 4.a - a .

% Va
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(2.44) t at (I" - + ft +(2 1-1.) r.(4Ct*. +r L+.

* (0 14 x )

IThe tiL..e irterval A t i s oalled the s.tmpling intervw.1 ;or

NYQU Iat Interval or ajg~it tIne, and the angular fri-quuinoy

iVb)in called the angular turnnver freaiu~toy ov' azM.-u.ar

* - old! Pr e ct, a n c or angualar Ny5qulst rrequernoy. Thr..4

angular frequencies

.4T,

firra said to be allarea or cach other, and the angular i

frequency .. /(At),(o -c < it) is called the pRtni:-al *

alia!, The roason for the term allas in that sinuseoiZ.s of

angular frequenoies. giverk by (2.45) are indistingumj*'ble

when obiierved at only the discrete met of times

k~,k .. l0l..*One observes from (2.441~ tl =t the

*Spectral density f(at) (k' of the discrete pasaetirr

proiess at X. is essentially the Num of the bpectra:1

dqrsitiea of the aontixnuvis para.zeter proc eIr at th,3i~e
-~~~ ~an~gular frequenoies unh.c are the a zias~s o0: /A~ ~

.

.4x

444 4%
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%-

.. . ~~~~~%* ... ,** * '.'

~.k.I& T e discrete paramter ai two-dleino.naI. process.e

considered here are assumed to be of the form Xk~ .5 '

'5.,,

i~k~, ~~t1  k *.-l,~t,.. 9 I.e. discrete param~eter'

* ~proomases obtained by observing the samiple functions of \.

o ontinuous pararneter process X t XtY ,t C Tat

the diaorote sat or uimes tw kIt, le *@.1O2,..-,

* Zt is assumed that E X (0,01,. t C TI. C-' .>.

- The discusion of~ the diotitu pa~ramneter reu!.S.

two-dinonslonal process Is arnalagoun to that of the con-.IM

tinuous parameter real two-d-,Lwnsional proceBs given in 5. \ 5 4

* Section 2.4~.2. The covarlance function .

E x

~8 ~*.*.,* (2.1s6) R(kAt) E Xt~ ~~ x ~~

*R (kat) R (kAt) V. ~

Fur th arm ore a 54~t 5*e,**' 5555

*The covariance function PR(ke~t) can be expressed in theL

form

(2.47l) R(k.at) a ik dF ..LO.*0'

S ,.5*5.5,.*,-,.

31 .5 5



cotnuU dervatve

(2.4) COd4 f (t.d

2.~ Mat. f fMO

V~e uncinn f(t) X) ~at(k) are the spectral dirxai-

tisof the and .. 1O1. processes

the y press. Thandh-ale
.

!a positive semi-definite,, i.e.

(AQ (AtN

(2.S22 00 rtxI ~~\ a) -... . . . .. . . . . . .. . . . . . . . . . . .-

f""0(') f~t~kx
(2 52.2p.jq If "'IX~

FTyx



* 31nb. the processe Xt - XtI.1I. t C T Is assumed to be

real, on. has

(2..53.2)

*1Y7

and

f(t :~t

(2r3.3 M2.3.)

Here, 0 M:

canld the quuo~~spectral h dlort prn *

od kuoio.I isre toe erea part te roa
kI..A

2etra proenssiy (terms and t(A), X), called t he

corresponding ptral densit is the cotinuy pa rartt of.

(2.54.1) a

* ** \,N'..an V V7 -... .



A;

proeasa. Cl.earl.y r t rltdt

Tobtain the roalnbtenteoset~ .dovmte

00 (m1~

/ ~. (\)*ikAt d

f. (X i +ikxat 
- -

Let. X )t. Ibus

__Z f N f1rI k

E f

- -. j .

M. CO.

Thus,

00 0
x.. .. . . . . . . . . .(257 c-



-P '5.

00

(2,58) qit() Ire f 7 , ~+m

00

Here -it 4 X -<T and a a)'If ani even funotion of '~,r

X~ and q'')(Xl) Is an odd function of X~ since CM..

is evo"n and q~5.) is oed. One thus ob3erves that the Co- .~'.*I.
4

.*

spe.itrn1 density 0 XYA. of the discrett process at.

X. is ess'.ntially the sumn of the cospectral dens~.tids orf1.

the oontinitous process at the angular froquencius ,54.

* 11*..,l,',l,.. *A similar relation holds ..

for the quadrature spectral density. One often conaiderq

the domain rf the spectral, cospectral, and quadrature s.'

spectral densities~ to be o < < oo cr a cont.uous ~5~.

*process and 0 < 'x it for a discrote process. With such

A A conenio

ft~2T C iXfij.r 4r-
(2 5)."4)..

.6o at At Atata

'Thus T'he cospectral density e ~H' or' the discrete process

at X. is essenitially the aum, or.the cospoctral densities of'

3-5

5.~~~~~~~~~~P^ 5.A WA 4- . . 5 . . . . . . . . . . . . . .

%.5 5 5 5' . -... . . . .5 5 . . . . . . . . .5



N.4

the. o oa nuous process over' the angular frequencoies which

are aliases or X /tLt)e A similar relation. holds rqr the -

quadrature spectral density, except that for the quadrature .,.

spectral den a Ity certain tornis In the sum,, namely those ~~-

corresponding to the &linden it M 1 2,.. 'are

taken negatively. "v ~ .

2.4a.5 Weakil Stat ,,narZ Gussian Processet.

As '4a~ seen in 3aotion fl.3 a OP..isan Process

to speoitZed by i.ts mean function i (t) and Its covariance_________

tuanotion R(t,t') Thu. tta weakly station-ary process In

SO~tusasan, the complete probability structure of th~e process

In ispecified by th;! moan 4 and covariance fur..tion R(i).

A weakly staLionary Gaussian p.'ocaas is thus strongly

stationt.ry.

% v.

-36-



L -%4*I

3-.0 Inroduot

In ths hapt tmtr3 fo h.pcroopor3 , I-

and Quadrature spectrumfato-iesoal sttoar zr

mean Gassa vector4. prcu rtdeTeotmtr r

onebten the~ ehp stimators ftior mte spotyn oastrm .

an qadatespcitru ofresin to t ietn "gotoar filer

N. mean)f osusilan foor thrmens ad ootudiand. Tfhe o3 irnntor r ... :

surh otatii. Thepossibmelto extabit A oeato-ond covrrespond

ofc ete the estimators a nd.grl ofr1ronomets polheynionometric*

(plteois Exiite ewrio s the r esietran "d' ucilts do- .*-.'

aendive bo~y maong uhe ofcrelts pcora,and ir. rt ur .~

spcta deste f4h rdp. h omle a sb

though fiae poirprsnain for the means and co-aino fteetmtr

vrcsof the estimtors asaly' hnerlsourut ristie trgonmetri

is presented to obtain an approximation to the joint sampling &R

distribution or the astimators. .

3.1 The Eitimation Probl,, m

A sa~mple f'unction of a continuous paraneter two-di.- __________

* -.- . raenslonal statio~nary (zero mean) Gaiuspian vector procass is

%4 %

-Z! -------



% %.

tha 14.~ 
L 4

aobserved* t dis desir edt o etimaes the spectr *.., 0 .

hAt At

* ~spectrum )) uf iche discrete process X,a k ..
(i).

-1. o0s 1, P,.. It Is inatended-that'estimators for the...

.'4.soectra und cross apectra of the discrete parameter process r1
rZ %

t Aerve to estimate the spectra and cross spectra of the con- 4~)*J

tinous paaeo rocess. Onos notes. from (2etji (24)
and (2.t49) that it the apect.-al densities f (X), r (71), __

the cospectral density ct\), and tequakdrature spetral. --

density q( X) are negligibly inal for suffi %iently largek,

say X ~then the functions At1 ft(x At) r ,A)

64 ~)0and A~t q %A) are good approximations to the *4%.*.

correoponding do!dt ffoin t TY (X), c('%) and qL).

* ~roapectively, provided At is sufficiently small, namely*2 . -

A t -C A- Thus, it one deterine& a means of esacimating the 77

* spectra arnd cross spoctra of a dimcrete pkramater process

from a sanple or finite 13n,3th, one can estimate the spectra

and cross spectra of a canti.lucus param.eter process. This ,,*~ *~
*is accomplished by observing a sa~npie function of the con-

tinuous partma~ter proceiis at equally spaced Intervals of

$ 38
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tim an then esiatn the P, r A n rossetao

% th rtmuling'..Cr.t paaae poes OehstoA3M

that~~~ ~ ~ ~ ~ th pcraadcos pcr f h otnu aa

.. j asupinvldfrpyial eeatpoess

ntioe eod th spetimai the p ctr and ouaros.rs petrufm

thea rdiregsrte parameter proc es. nha o SUo

that the petra adco speictyo the foccagu areite

me'Ltio ircs introdced.l va fnite forpl oufics l eg ~N o

adc rte palideter real ic'iy ina bevatioemses (zer.

A.'man Walau ian e ctors u apoesst g itn tby ( bove in ak simply

Futhror, the d.1es r sipict the folowY~ aelate X), ..

noto is intr dced Thy fixDJIte y X)apl oMf lend N( %)

adresetely panetdr thrrsodingespectal futions zr

* ~ (t . ( t ( t ( t
Xuthr)r, th x), iie f, ( (X), andX yF x. XA). X

* . d q(xArt)) e y den t i eied by inX) som (se() nde q() rat

the x and y spectral densities f A and r (A), the . I.. e

cospectral density c( X), and thA q-,.drature spectral density

q() f rom t .a s-l (3.2) What Is treated Is not trne

39
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over~~~~~ a . no offeunc ad

Thtitefrequency do:ti 0 -xi partitioned into

n rinite o Pt of frequency intervals 'I x .'..1

by the partition 0 w X0

grated densities .;,%.

jk- -33 c( )jd. -C(~~

8 X5

(3.30) q(X)dX -Qx)-QX. 1 .I-

are thus the pLram eters which are 6-o be estimvated. In generf.1
it La desired that the frequenicy bands X - % be

,riiiently narrow so Lhott tlhe integrals of (3.-3) w -ich sart-
from constant factors qre the averages of the spec~tral, c0--

apct-l an qudaueaeta esiisoe-h rqec

5....

bands, ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ .indcat the beairo h epciedniisI

S. S . - - -.- --- ---- --40
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freqx.;ency eaknds. Asa will b e discussed subsequently- W1jv widti.a

of the frequency bands -ire dotoe'mined from 3tAt IStiewU. conalder- L 0.'
ations. for generally speaking'as the widths A1  X -*5.5

or the frequency ban"ds decrease, statistics serving. a, a -o timp tors

for the itg&3of (3.3) become lois reliable, L.3.. tecome

relatlvel~y taore btas~d or become reltttively more. vartALb:!Ie. In 5-

LL.~.6a~d~~ uleaLOa now treated the atinu~~ .

0 -c~ X, -c. X-- c is considered rixecL uind atten- 5

5" _ ____ ____ ___0

ton 13 directed toward obtaining estimators for the- LL-. I Inte'-

grals or (3-3) In the case when (3-2) Is a Sample frcrn ;a Gaussian ~.*~

process. :t Is, however, shown In Section 3.2 that un_'lased "4

16 ~ esti '-rs for the Integrals of (3.3) do not In genartiL exist.

* A conr.meat Is therefore interjected here explaining thin± .one.

*should not too rigidly consider the integ1val3 or ;333)us the % '*

parameters to be estimiated. Jne carl obtain unblased' (aIlttma tore e..~ ~ .

for certan !ntegrals, not the Integrals (3.3) with rrs.rtgangular A__.,Xi 5

Aernels, but similar integrals with trigonometric po1y-.nmial

%kernels of bounded degree. Thus, the palameters thztt mctually - . ~'

are estimated (unbiasedly) are c-!rtrIn integrals withi t=r113ono-

medtric polynomial kernels of boneVeretatap~z.&t

~ ~the !ntegrals (3.3).* It is, however, convenient to nn of **,

estimating the Integrals (3.3), and this will be done tinrough-

out. The preceding rwiark3 are son,3what anticipator-y- und will

~ . b-ecome clearer $Xter one has read Sections .3.2 and 3-1>

41-,
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"A.12 
h s itr

34. Th x2 +m+ Xr5

1,A..,I

I.A 0  (x + + +** X)

- (x 2 +h x 2 2 4* .. +XN
h N-h

N-1 x 1 "N'

and tak~e as a cla is or estirmtorl f or. the a~,i 12..,I__

Ila3 r-artaforml 9'

(3.L QL + a'~ A1 + .. + N.1 ~~'.*'

simiilarly, let

'9(3.6) Bh (yv1 Y1+h + 72 72+h + eg N-h YN), ...

N-h

h 0, 1, 2# .. N-1

and tak~e as class of estimators for the Bit I 1,2s.*. I '

the quadratic forM3

-42-



%'A

C 2

.0 171 ,,N,

C. 
.x )+( +.xAA .+ X 1YN4X 'Y

C0 *ItY~XY 2 xy 2Y3 3 LY2

C

* (3.9) Q 
.

0 
Z' 

0: +JA; I- l+ . +C - N

(310 D' X111~+1 +hyl ~.(N-hyN-xNIN..h)1
hCN-

and take s a class of estimator3 for the 6 £,=1,2,..L th

bilinear forms

d~~~V~A~m D C +.+ D 1 12 .. I
(3-11 1~A 1 2 -1N1

One~~~~~~ ~ ~ ~ ~ obere thtterarnso hefrsQa';yQ

1,2, 1I Intodce abv ar fA ittt 'Aaen Aar

43AA *

(3~9 QEC0 0 *~ C 1 AAAC~A 1 Cls I1,2 *A9 %



a A, * 4 ., .~

a~

'.5,. 4*' 0

S'Ad~a.A) 0 los d ~ aa 1 182-.0' jI

sota god ytmtrafrte(a#jyjiq -,,.§

are~~~~' obaied it would be deial to choete ooat

Unotnaey as wil be sa by(.5 n 32)teei

M. . .:<

il i fraTheessr tow r eiai sbl the fm olhowin torhoosth

(3nat4nt) 3 a.c4hcs hf%'~X

44 a.,

(1.) (1)

'4' () a W



%3 %33...

8 Yky~h cd Xh Y (3%).

.4~ ~.334It
- . ~3. ~ ~ 3~3.3.dI~ M'~ 4A4A ~ b 43. ~ 3.~a',...... *I'34~it

*ox X o( ~d*X
3- 14-) E X.

-1 . T

Kl (3144)Ei[xkyk+hlxk+hylc/

%Ths for~ulae (304) follow nsential.1.y fromr the dafin~.tion

(2.46) or the covar1.atne function and (2,.50). FL'om (2-46)b

:. *> (3-15) E xkX4 ij HiX.(, xj~.~. .

(3ro6 k2h6 irid (2.Xh (

(3.17) E 7kkh e~'*4~..~

M-WWAlso by vS.3ttu of (2-51) mnd (2-53) ~~

Dom 9-v w~vv p MON qqA

I.. %let.3..



,1'~.V-

*% '**% 

d % .

-Ita

Thus8
.

(3.20)co kh f!xyx )toa~ (X)dX h

(,0 E lk+h~kk h : a'

(CQs Xh) COB~i()11 /h corn )

31nce q( X) to an odd f'unction~.

* Similarly,

(~.1) ~E~x~ xI~h)'~fi in X.h f WAXd)

muI din )'h to~-q)d' din Xh Ji~d

since C() in an eveni uNAOtion-

From (3-14~) -nd th~e defining equations for the

AhJh~ and Dh on observes that Va

(3.22.1) F. Ah cots )hd fx________

(.3.22.2) E~ X) co ).1 -

46 -
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11A

lilt

.(3 .2-3 E Ch fco hc(6k

(3.22.1.) E Dh1 * sin~ Xh q( Xjd%.

Thus,

(3.23) E CI E- (j) %1 A' co h f AIX " 's- .5

Lh' h.
05, h-0

EN-I N-1

-! ( coZ 'b co ().).

Y,,

N-Ia. 'oo i

P(~ )(X))n b ~i cosn Xh.
h- 1________

hw0
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-,I - t I

32!4) E Q8  P ~i(~ q(k)d% whao

(i4X) =- d 41) sin M1i.

dh

* .The equatos(.3 are to be considered as spectral

representations fCor the -expectation of the quadratic and bi- jr4*

il-te:r rcrms Introduced s timtora. Froxample, consider

*the Q ar-d equation (3623.4") deiigtePi % that there

0 13s a one-to-one correspondence betweern the quadratic forms Q

auid the trigonometric polynomials ~ F()k each being deter-

rin-d by the c(.nstants d(') d(i)# d(i), Furthnerriore,L

the expectation of thequadratic form Q0. is very simply ex-.

pressed Intrsof the associated trigon~ometric polynomial

P P) being an integral of' the product of(i ndthdf ~d (~ h
quadrature-spectral density q(X). Similar comments hold for"

the f orms Q *QQ.and -heir associated trigonometric

polynomials P Pb PC)(X) respectively.' From
equations (3.23) orio gains some Insight on how to choose the .7

constants (32.12) or aq.1ivalently the trigonometric polynomials

atypical case the problem of' how to. chooee P~d)().) so as to I~ W

estimaete 89From (36. 4  ,- q( X)O and 0 < C)

46



o** cosat 9*. .r..-p

I~ t -were possible to choose tho hoimat d

0~. fo 0 0'A o

then since (k ! aesrlanodfntnP

.. P 06)forX< , te &soclated inerfm wol
d

(3.25) E Q P"j'CX) q( ):IX if q(X)d% q-k ~ d

I.e. would the4 b~e an Unbi&sed estimator of 8 forevery-. -

N'.

% 'e*

h1 - - Cos %*..*

(325 X, -(~ X, -13 
.n

suid hence can n~t t4 exl-ctly represented by any finite trig-
N- 1)

onometric poly-n'-1 cf the I'crmnPZd .- 1 hs

'h=

44?



I)M an P(1)X.

for*
PP

t?~~~~~~a. wthPl X o , )

It'

(3.27) E

a' bY P(iIx -.AX

'--' functio P (X) )x'Xd gie by-__6hate______e uui

adhnecnntbeeactl. :-tpeet yayfnt



1.4 11

N-1I

-rgnmti poyh=1a of the for I P cos Xh Thus,

.4=

41~ vi ge r C are 1.1 a. esiaor o

d . s. V*. 4

the trionometric polyn*.ial a thPoaZp~cc~h ha ~'

fucton (3.26) an depcty . 2)rsetvl..xlctape3

Inadto tz the r An cte ion of unlsele ss tha s-I-4e
cusse in. Secio 3.7 th f,)..., l sh o asr e conresid-

ere as~ sIdeatol or er , t., 30etn t8t, et-Imaor Q.,~rapo

%-. msp1r,.= iroxiiy ieth ate theIdee

ofth esi a d Q,~r~n~ shul tbesl~aos-t

x* .. . 4 

N. ~
cused n Sctin 3?~ he '~lowr~gsho~.dals beconiV



V..

to differ Ient rrequency. bands -I.e., the estimators *D

Q~. %.and f~.~ % or~L I' &nculd ba

Independani.

PIn order *to investigate the variability and covert.

ability or q QP, a Q 5 * L'102i 60. I it is nocessary

to establish formulae for the variances and covariances or
ths ostinators., It would be desirable to ?hava tormiulao for

the oa s vax1arnes3 and covariance, similar .to the spect ral .repro- K

C' sentatien formulae (3023)' for the expectations, ar such spectrtal

rrentatAon' fornmulae are par-tioularly simple and concise

ar'd Iniclate the f'unctional dependence on tho spectra, c~ospectrum.

and q'uadrature Ispectrum.. Spectral representation formul't
for the variances and covariancea or the %,QqQD%

1-.. I2 are Possible. However, if the Q 0 .

i-l,2p#..,I are repla..d by certain modified forms

*5L

Y 11 .. ,I the spectral representation forniu-

lae (3.23) still hold, and the spectral represent ati on form~ulae

for the variances and covariances are particularly simple. T, ':

The modified forma 3 ~ Q ~ ~ iu,2 sea 1. , are.

*studied bzelo4i and the spectral representation formutlas for

thtu varianices and ,oiArlancea of these forms derived.
%4
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IIke

.47% %

* It should be-montionod that only the ioumptl on of weak ~.**.

stationazity was used t o derive the aexp ec ta LI oh furn~ulne.

(3.234. wlluIuuil In thc. d or 1.v aon 6f the c-tez9 ) @L.V . 2...S.

tion of the varianoesa nd -covarlanc83 Or the ~A A~..

1=1#2, @$to I the assumtption that (3.2) i nil '

fror- a Gaussian process Is used* The Gaussian aumption is 'lo

used to express t~urth momonta in tornt; of second moments by .

meano or the theorem or Inrlswchtae tat .

53;z hnve a joint GAussian distribution wi th. zero noanss. .*

then -- .- *

029) Covzzz z )=OV' z )oV'z z )+Cov'z Z Cov'z Z

S *,,~ wbere uv-u)E. .

(3.30) Cov(uv)EF(u-Et) (v-Ev)] (v)(u(v)

Thethore o Isserlis is proved as follows- The charac ter-

by (2,7). ot* . :

5:N.
* ~ ~ i whoi ~ ~ z2+ E +t 4~n'D,1~1,.,.

(3-31 E a3 3 44 ex
r, t b

* .. ... .M

*~~~~ 
N ~ * .~ .- -

53 Ue'wSes
V................................................

' ot-Vio.9 1



Upon equating the ccterC2cients of t ttt 4 in the expansions .

*.of the right and le.tt hand muembers "of (3.31). one obtains

But# I'

(3.33) Cov(z,zpz 1) F( Z1 ~~ Y E(z~zZ) E( &Z

E( zzs2 z3  .Z 1J.P''LSP41L4

3Cv 2,3

1% imade so that time zero occurs at the center of the recordi so

that (au3=1ng X to be odd) the-I finite ca.-pla (3.2) 13'then

denoted by~ he eind&

The fcrns3 Ah h Cho D aetndfidas follow5: .'

M

(3.35.1) Ah 2 ~ j~.~~~

4~ .9

V.54



h.N 
.P~ -'p. 

7j'h

-. *. %* 7*

.(3-35-3)~~ h. JNjih JJhj

MM

Bh it'~ ZJy~h J+hji

J.2-S
H%

4~ ~ 'A P.*. 
N

.0-

Ix fori 3 o1,2 +.,N2-1,

(b l th.hcu h e~ra C' D I2Xl hereA2,,, - are N

notod lage-poucsre_______hn__I N2 -1 as

(agge prdutsfo h >od N- h- are neglect~ed. ls ha

reeTtheeraioa arme mdefna 'I bt erm

If~~ ~ ~ Ah A B -Di-pcloyb

h ili ri nf
- N N NN/%

avergesor to ~mo n~to (2Ml) r lagedprodcts wheeas-

"a - N

movelaged-roduts re vatlibewhe h fl-M-l alo - - . N-.%

V -N



N'

X -2M - )A

%~~

A.

So d(- - D) . 6 %~ %

(3.3.2)~p U bh h*

.h.n '

I336 3 t Is de lr d' b re re en Co (L lm -( %

(3-37) -d b

(a& is~,# COSre 0o roreon Co(T19 Xo~ 5.~... d' l...

40*

ab' Am(~~ -/ cu CON. M'6 C

0

aC~ ~ ~ i COT( 'A ; tCOV

(ad) Co( Xcaos~k Avw --

(bb) Co'(B ,B ) f COB mx COT' m V Ma)x,

or*

4 .A



.0 -37 *.4 
4*4 . . . .

be)~ '4a4'A' C'4. co X co4 V (\

(d 'C \(( CD . cos zm1) sin -nX V ()),. .

.m ni 04b

(cc) cov(( 'm *f coz mk cos nX V()d,.
0

(acd) Co'v(~ XD c los mX sin rP V (),)dX, . %. *~~.

(dd). Cowv(1~., -O) )X
44u; n) wih . . si . d(~d X - '

For, wth theet~uezntatioll (3.37), the covarlancea'

G-CMa (i (jY

()Cov(Q can o .'expressCoyam

4 aa7 £ov a~i /Co A= cAn)~V Xd)
Cm,n0 0 n.*F*4'4 

%

a a!P~X (i)) C03 MX co3 X Vere

p~~~, p )). Xwhr

-(k)'%* 444''

cos ~. 44%U'.... 44

WM 4',~* 4
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%I 
.

QL~~~4 Q ja X.P

'A.0

(adi =/V( q{l'5:b~~9'_____

(bb) )o("AW

C d 0 bd 
.' 

b. b

bbd)I>0

wh)r COPO aQ4 a- 0d(\d

L~ \%A'

%"%*" .(4C.')), d.\)~

A W X ) bb .) 'C o m x . . '



A~I...I.

4~ , . .0

'.4 .. ., %~ .7 -.t
expromnio.* f 

99(

t anotiedfo 3~I 38 m)(bb 
.....d

(3391. V

033)a) 44..

.%*

1. 0

3* (399.103) (

01 0W 2d dl

Tecomputatio In the derivation or the oovariance, formula.e~
(3.37)- are someoWhat lengthy and detailed anxd ror convenience

are set apart in 3antion 3.5, Then. onettoa hwta
eoptain show Vtha) V....

ag aM', Vo() MO are given bylaa a ao(~ d 
d

(3,.4o)4. 4

*aa . .S( 
)fUo .

.. U %2M41 )r()

aa 2M l Cx). d ',..__ __ ___9_

A 4'4 4..

%4..

AI * .M10 4. Ov o
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1 2 1

Let

(3-45)or

Thu a,

(3-46) d-kX %2dX *xdx 2ddX.

~2 ~2

IMI

at Fig. (1).
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AI-

os 12co(k0- I).-(nxn)+.'1(-j%+(.n)A

.344

*By expanding the ros1 I ] terms In (3.47.) and nioting that

V.tarws Involving sInf"-'k-j)% or 91 E~-j\vni sh On 3Ur-ation,'

/,/ [cos2(k) 4.cc3 mn c os2(k-J)). cm*.:m-n) X .%

. 4 ...... +Cos(k-j)% co(m+n.

* 3.149) Z cou2(k-i)), m Real Part[-E)..

% H 21% .>j

(81fl(2M41)I) 2M.,'. (

sin)

w)here K n) denotes the Fe,',er kernel.

Thus, by perfrmniir t-e au.nration In (3.L48) an'd usng (3.113.1)

.41

mm *; " 
41 

o,'-N.A.U



N4 %

b %

'.4' 
* 4.. A

'242*l / R l~ . ,

+,(X)C 
.4'osnx

( 3 5 0 3 1.. .~

+ 4.t' )c a m)% cos n~l.X4X )92 %)Xd.d)4  .

iihich reduces to (3.L42.1) when one considers te symueL.. *t

-. the region H, and that gand g,2 are even tunctionis.

caseS .

By the same argument an for case Si. above

*(3-51) 32 If-Tcos2(k-j)\cos(x-n)).l o os2(k-J)\1 os(-n))A

cos2(k-J)Xcose'xn))'-.

002kJXco*(m~n)lgj( X X'g,,( X )d)&).

By performing the summation in (3-51) and 'ising (3a-3.2) . 4

(3.52) 32 2x(2M+i.)!WE/Kzt(,l(~4 i airm inmk

+4..- KI 2MI)L Jsln m% sia n)xIgl(X+%)g 2 ( x-)d xAx i

.which reduces to (3.42..2).

* By using (3.43..3) 
. 5.

Vb '4



3 )~~~~~~~~~~ b~. ~. . ~ *3*~3.3~~ 3.3

Iki

33

. ~v.~r -

~~4.

By Usinig the trawnrormatiori (3-45) ..

si. 12( -'3..,~) 4

'4. a 4

By exjidn th _ _temi_3-4 adnoight em

3ncvn i ;'kJX o sin L(k-n1?X vanish on summation#

cs n2(k-.J)% si(z +n) XI ~ 3

+ 4' a si 2(k-j)%. si(mn)XJg( +), )h( X4)3.  )d4)XI ~

Tks by per3B.rding the summa)tion in (315) and noting th3t4t3m3).

S 7~~n si (2-j)\ or Iin 2(k-j))4 vans n smmton
21A.+1~

+ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ .K X'csm i Xl(+')(- )~
.3 .( ~ C ~ ~ "3 *~ ... 4.I..~I....',2M+ rim.)'

.~ 333 /L1 OB4C33J '. .33 4I"3.J~..~J'-67. .
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4.

E~ 
'.

One obta~Ins (3.42.3) fromi (3-56) by considering the region Rt, , *
and using the fact that. g is even and h isI odd,

By uaing(3L43.2).

(3-57) A[ otk-( x)+(-) x)

.J.

0--

Bwy using the tron formation (3-4~5)

(3-58)- 34 us[.cot2(k-hj)%+(m..n)\'+ cost 2(k-j )L'+(m-n),. I

+ doa[2(k-j)% -(mn) Xh d']X

By expending the cost Iterms and no ting that terms involving \ ";.*

sin 2(k-) or si 21-j vanish on aumriation "

(3-59) I */Lt..Cos 2(lc-j)X cos(=-n)XI+oo 2(k-J)'coa(m-n).

V--
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La M

7-j-W jir.*M Tk*\ y'jn-'A

'V.,.

TiI

Z~~~~~a. -.~x-i x 'aM T -inYk

(2M~a..

Thu~a by(329

A"* .***

3.64 _ _ _ _ _ __t

ztcov~x -i syk-b..v.Laa'.4ka4.

2M+1 PA

a~+

From(3-1) byaddig (-14-) an (3-4-4

(3.65) co..s,**4'o),h o())aiX q J 0

Thus, ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ -a frm(.4 i n rabt vn rbt d
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VU~I~

- .. ' . '*~~~~~~..~. .__ __ __ ___)_

(k) a (kg)

(3.92.3) PdhI' h

and a l(-2X-1. 7 e peoblezm of how t4 choose ibe filters

P~* I seat P( (IL) so tha "g *j M  * tir.;cra ror the

a,~.3~~rA8.k=1,2,..,t are obtaimed Is now discussed.

This d_23=3elion Is restricted to the case wh~ere the tre uency

dom~ain 0 < X~ % is partitioned into a set o: fcquency Inter-

VR13 '- .1$ l2s.*I by t-'e partition 0 -

gie y0 c"- c 'c 4(2Zw-3)j 4

(2r.-I) 'P4 Kaco that I =m~l and the frequen~cy intervals are

**(except for the tw~o end Intervals) Or equal l~rgth. One can ~

consiler the z4'1 frequency In~tervals to h etered at -

0. !i-, 2 ,.. (Mi-1) ~.aresPeCt1Yely. 'Zcrsider the trig-

0o1cietriz sum

One observ*s that

-4 ~1 1"or k0O.

mN

09~@ frITkh*=41

;7..5N

9,. '. Abc
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m>1, Real Part 4 K is flerwih prxia8
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(3-98-) K1OPK(0.54,0 K .23) 
. " ~ *.. :

(3982 IK~ l (113 1/3)-



%444444. . %'~4 ~ 4. 4 4.

4.4. th(081 h fle fo .12 ftifomsece n

i*ig*(2 a44 wit tL* ri4te Uoa u 2 Id or4' Lit--

,4. %4 *

okatched~~~~~ in -i63, Itt se ta tefrs ile na

e*gt 4' (afr1-

4-, -e

kV ) f l1S. '.1%.

Wit (3..) the a iltror thenfo) ik 1o2f tM %omsctoe

-4-A

Revalhe Patid o an inteva Yetee at(~ 0) but a' rgo"apoiaion 5~'~K >

-, contae iihh idtevaaa Ps tNe siledrl r Thend

fluctdea P dn i X) flt ers. kt an mit alato w tha *% %...*'
I- '4 '4% *44%

J(. 44 444.Z

YO 10 04 4~

'Real Part(K .)(- ) i go"aprxmto
1,-ki +14

0 I 0 0 1 a

0'4~4



4 4

- . til'

.I~S I

I . .

I b .- .

-. 4.4.5
V*.t ~

1-4 * *
- b-i .

I . *5S~ * *~

I S .

0
S * I

.4.
- S - *~

'0 N
S.-. * 'S..-..

~. 0 -

4. ~ ~

0

I.-

N

0

S4  'I.,.
*

.5.

5-4

"'.5...

w -. -S.

.4
5~S.

- '-'S."--

*'
~~5 - V ~

* *51~~*~~

S.

.5- * I

S. I.. *~

* ..- 5~11

* -87 *
I,,

4.

U

-. .

4~5

'S., S

V..'"

5. *...,. . .2 .2.%'~~w ~ *'.15. S * *''** I...'



*- )*

4 I
I, ~

I - - '. ,. . -

I
,. ,~.

~v.
*1'

m~. ~a
4. - -

.~'

II, -4

~I. 0 . -I.,.

'4 I. .

-~ I,.. **j*
~ *

* ....

S.

a ~.7.
- r4~O

a.:

S VI '-

U-. *
0 ~5*

54* A.

4~.
0

-~

hg S *~'

S ~'

- -

~~1

I.



I. 14 0

0. -'k, k*1

Siilarly, 
4

(3.100) JEReal Part WjJ(\.k!)- Y0 (%+k!E)

Real' Pairt X X) +K )K

-K -Kog1. P-)eo ,-iX) l-k+l( x)

where

9 k
Ro~l ~art 0 a-n J.

U9~



4 4. . %

Imaginary P'art[ .14 -m l j ~ ~ *.

M-10

-~~~ ~sl j'L~ *~ i

Tha filters :centered -t n ie.CS3klml

require' speol al treatment. Thus,

j +~'* KlgX-lIa a "good* approximation to the Ideal

***P Since the quadrature spectral density

q(..) Is an odd runotion, q(0) - q(n) 0. Thus, ir m is suffi- S

olently largapone may trje'P (1) r" - .M+l)() 0. For smaller ,7Z '
a the determination of a "good* approximation to the ideal - .i -

4 .l~ e~id P4m ) (X) would require a study similar to the one

carried out by Tukey 1171 to determine a "vood" arproxim'itI on7.

to the !deal (1)) and is here omitted.
a

*3.7 Smling istributon ofte Estators

In Sectiori 3.3, 3.4, und '3.5 the mean va-.uLs and vari-

ances end covariancas of the estimators Q a A'8 1=i1,2,....I k.

wer'e studied. A heuristic discussion af the distribution of

the estIr'-ators ~ %,i l2.. isl now presented. '

The analogue af th-e spectral representation (2.33) for

a dis.:rete paraimeter two-dimenmional stationary vector process

90.



Iy..Id (ktJ~)] dV (X)0 0 0
L J -

* The representation (3.1041) c an then bo rewritten in the complex

* for=

(3.106) LI-dZ( ) - d [:;j 6~1 01 , 0 0K

j k
(317 1'-' .2" a 2 Z d

M4ake the a.proxin-ation that (3.1011) also holds3 for hair'-integral L~~'~t .

values, so that

(3.108)

X 0 1(th ),I1(r.h .d 7 ( d)~).6ji'
h~4 -M~jml-M

91 -i.4%*
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p ~ *.%*

%

- ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 4 - .. .--- 1. . ,**~4.

k :!XV' V:

121) dZWdZ (k

* ', .. ,V-41

00-d *%)d (V)+d X) X(),tz dZV~ X) )I{)~

P( 0

(The2 exrsin 316,317,311,312 budb

reirded as asymptotic fo.rins of #A ~ ~ respectively.

SFrom thoso oxpra331C.-3 one oCzorvtn th* following:.

(.) If the filters P 06), P w, (k) F^ ,**
b d

1 112# es., I had an Ideally sharp cut-off (i.e. rsii~'ed

outsid-i the intarvals X X. < li -X.i : X < -AL, then F *~.

f or I )I j Q and "Y wud iia the

Gausaiku- case) be Ind'ipendent, since each 'stimoator indexed

by i and each indexed by j are functicne of spectral random r 'e *--

variablo, in disjoint frc~quoncy intervel', und such random *

variables (in the .Aussi.n case) are indeptndent. Thus, If'

95*

'.P



tho filter's £ ,P 4  MX have a reasonably sharp ot"

Off (this in attainable if (2HdI) 'is large) the edtim~tora

Sand 1 i . are approxlrrAteGly Ind.

pendent fhor large (2M+L)..

* . . b) If the filters CX,** d ()were I do I and

the frequency interval X x-C sufficiently narrow so thait

r. (X I f (X )),O(%),qo 1 ) could be eonsiderad constant in the Interval,

then ~ .. 
..

(Za

(3.123.2) Q F1 K fi (dU Cx) + (dV (XI) i l

xtx

(3.123.4) A K f~t(dU,(X))(du ()L))+ (dV (;X))(dV U )
Y Y

thus *., would (in the Gaussian case) be re!pa-ttIvely '4@ '~aa*.--,-.-

sUMS Of inrinitaly many Independent indentically distributed
random variables, 'end hence by the central limit theorem

1 0, QyiQ ) would bo distributed four-varlete Cquanian.

Thusif th filtrs P (X), .,Thus Ifthe iltrs (X), arb reasonably

flat, have a reasonably a)-Arp cut-off, and are not tooc wide,

-96-5.\.



N (i~~~04 , distributed approx' tl or~ai~

GAUssian for large 2M+I.

S/ rrn the case when 21M4l is not too large, yet the filters

***D1 0 )00 Td ean bo considered sensibly narrow (so .' 9 '' 4
that r.0 (, r o(), q(Xh) do not vary. gral In~ the 

.o.

frequency intarval X1 1  X- x)b) one obtain& ab better

appoxinaton, to the Jon distribution orthe estimators'
- D**~ as follows,'

Gude by the asymptotic forms (3.116),(3-117),(3.121),
(3.122)p one introducas analogous fin~te sums 9

b** (U.* +

(114 bw 1 71 a

(u yi + T JvyL' 
N .,-Tn .Ii 

-.

dm 2- (u ivyi viy~

where

* (u~ ~ u v is distributed four-vapiate Oausaaj with 
.*..

M~an (aoop0o) And varlance-covarlanco ratrix v

-9?

Z 

_ _
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I'A.

The condition ca*-Pf I whi ch insures the t v In positive semi-

C.that cOW + q) - Cf (30) W -c) 0.

.%The joint ditotribu.ti-on of (&jb,c~d) and related distri- .

2 butions are studied in Chapter 4s. As Indica~ted In the pro-

ceding diacusaion ( and later disounsed in Chapter ~)thee.

distributions approximaLe the Joint distribution of thxe

ielsatite or dimension'less estimators (3.126) and the distri-

butlJone of cortaln functions oCt theso estimators. -

99
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4.0~~~ Inrou *i

derie Is cmpexanll,-e f Wishart DitAuinidR~td istrbt~on

othO dintrdutions

A, In troucor Sacter co ona of e~t the denle I-rta

ereD ista complex an l R e! of D i habtos ditrbiin

LoatibtioX anad t Complath cpex isaudstrlm~

othe Vistri tions

trbtd forbutinar Gvs~a wit meain (.0 z

vainvriadom mariableV

x x ac X

varanc-carinc yatrx V

0 Qc aG 0 d ay x

y a3  -c c c
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0I

(4.32) B u V r 4 c 0(Y) r f

c +IDo t C.-ss-vrlaza c X wts y EX

Landotn n ~~~

A un Vi~& c) 8 f! I tX- Y~ Rea Pat* X

(a33) CQI. or X wit Y~air~ tX l~

a;7 . a.1 G 7

a .xy'

(!i2~.2) D Ari-;m.isnt of C:-j-~!8o X with Y iairyL w .
Pa~Ar (fr lX Y

FO Rat, n X ar h Y
~~~~~V Li-.(rX -T c

wa ()Var(Y

TO

a' . . %



X. uk..-

Let' (XV Y) with

(4.5 X T I

denote independent raukdum variables, where T 1

VY7  fcrr fixed. j (are distributed as are U V.

17 V

(4*6.1) A ~.Slinrl~e Variance MX VI71 X Xa

Tn UxJ xj'

(4.6.2) B 2: gm7u-rl Variance (Y) L Yj Yj

in

Z ~ (U721 + v) ,

(4a.6.3) C + S. D akinie Cross-Variance or X with Y

n
: ~~X Yj' L (U U+Vj )

e -xj yj Xj yj

A-

A, -!A)



** J j***4

* distritution of

* (4&.7) J~lxj z ZYj ZX Y .

13 a Wishart distribution. Thus, (4±.6) suggests th.at th4,<
JoInt distr!buticn of A,B,C + i D is a complex analogue of :.-.-- **

a %tshart distribution.. The joint distrl~t7icln of (A,B,C,D).4*

L3 therofor-3 called a Comnplex Wishcrt di~tztution.

Now, in direct analogy with (4a.4) define an! evaluate

(4~.8.1) C i; SRr-pie Co-Variance or' x with Y Reai Part (j- z X* Y)

in
z ~ (U~U + V VjvQ * *

(4s.8.2) D Sampole ZurAd-Vartanco of X with 1 ~gPr ( Y)

- '(-V U *U V.,5 .

(4.8.3) R w, Samm~ie L"'uiltudi ot _Cr.)s-V_7FrIaRn of' X with Y

Amp~ (-'L.L;X'YQ .C'D ,

(4~.8.4i) Sarinla Ar _ i,:ent of' Crcss- V'rIL-i'cs-'f X with Y

nj1 1 J_____

-13 ;1

1031



k4-

.4v

Ly

4 .8.5) P W Sample Variance Hatio of Y and X ;a ~

(4~.3.6) Z gSample Cobereney of X and Y =-lu
Az Xx X)(yY~

*44 - C2 +D2 4

AB-

a-(t 4 .8-7) L saml Cope epeso Coorficiernt or Y on X .

J C + I D
n

The semp1ls or-.nplex regrmasion coefficient of Y on X can

be expreased in various coordinate 3yateoms. The following.

coordinate systems (see Fig.(.)) are of im~portances

14 0

(4~.9.3) Radial-Transverse (L~jaLT,) where L La l, +i L.r)e

494 .entored Polar (t.0 G) where L (1.7Lj a)L 0

k '4



. .-.

V..

-

'-p 
s p... 

%L~c

L -p...

Jp.,

Fig Corint synem fo th el cope regesio

coeficen ofl onB
The point 7 dea~~~~gnates ~thecmlxrgeso ofli

o f Y* 0.1 X. 
p

Th a V cont PI.,gststesapoor..y egeso

coefficien ofTon

105~ .~



.. . .

Wtth refeo'enoo t o (4.9) dedlne and evaluate

.-. ne

(4,10O.1) Lq 1! 1aexl Part c r omploi.. Ragroommion Coooffaiwit of~ Xon X

He -
*)H.

0

*(b.10.2) L Im* I! Anarx Part .or Comp lex Repgrasatni Coprrioient Y.
o' cf onX

L~,
om a

Zt.O5 0 0a~I of Complex- Thapasson coatricient or T on X

0- a.

(I~~.iofir)ms1on Coofficifint or Y on .*5.

(hiO% L Padia1l Cop.2onint or Complax fe.rozision Coffiia~n

(4a.10.6) L~r T-n3vorsa Comp oment ot Corplax pleiralot Cp- .*~iv~v

o 4tt Inient of Yon X

L
Tr0

(4-10O.7) L4  a Ctad Arr a f'vpixRirmlon Co.-
0 riient o Yon A

LO 0O
o0

., % *

106.



t~d* j~~

A *W i ,t, % 4,

and-

(4.11.2)~~~~~~* L -ael T agItm - o CmlxRFaa o

sm,1LL Phase o Pr CO lex e eion caffient .-

AA

4(tL.11.2) L 1 A S&tnp.l RadilV Oomp o t ofm pex R gre umr to.
0 q a nt qi' o X 9 *"O *A

ID

44.

0. onf7

10

. .7 -

'I ,1.~ 4 %In~ flda 1Vo~ a ~oo e.ug~n .. Y'.-



~o--

:u-sArg(L-L;); m Arg [ ;. c±):i(R;%. ~ J S*~"~

(4.8.0 nd 4,1) a well as many joint distributions of

tesrandom variabls are dorivaed. An Index of these din- ..

tribut~ s given in Tablv :

4.2 Dimonuionleall Random Variables.

In deriving the distribution tunotiornu listedl in

STable I it is oonvenient to w'ork with dimencionlena or

relative random variables. Thus, define and evaluate

+ V 0U
J J a a + Y

Y~ z

L~~~~~. *4Y xOUj y

are distributed foui'-variate Gaussian with mean (0,0,0D0)

and variance-oovarianoe matr~x v where

(4.13) v

108

Le '



... A....;.

-. d o Distribution

Joint Ditibto ofPoaiit 
.s

(443 wit (4.44).:*. '

(BCD)~~~~. (4-75 wih(.4)ad 41)

(ABO) (4a.11) with (.4).. \-

.(A,,D) (4.11) with (.4 4).ad(&L)

. . .(ACD) (411) with (.4) .n t..4

4.(ABD) (4a.114) with (44)

(CID1 ) (4.11) with (.44i)6ad(aJd

- -(A) (4.641) with (4.14).,

(BD) (4.67 with (.4).

(C,) .(4.70~) with (4.44i) and (4.16).~k

(47)wt 44)ad' .. - .

* (~)(4.118 with (417) and*. (4.16)

* (C) *(4.11) with (4.117 and (416). - ..

.(A*,Z (4.52) with (4t.44) and (416).

(A Bn,) (4i.59) with (4.44) and (.16).

(A, 3,Z, (4.62) wdith (t&.44t) and (4~.161. 9

* .(Z'~ ([t. 55) with~ (4i.16),'.

(Z) ~~~(4.60) with (4.16). 5.:~,",Q.~

4. a~ ,. '.log



.TAPLE _r (continudd)'4

LTointDistribution of Prcbability Dansity.

(*) (4,531 with (4a.16).

(APPIz), (4.105) with (4i.16) and (4.40.,

(FEZ) (4-.107) with. (4i.1 6).

(P) (4~.108) with (ts,16),

(A O0' (4.80) with (4~.44) and (4~.17)V.

(0) (4.97) with G-.17).

(4.104 with 4.1.)

(f),Lr (4.83) with (41). . 4

(4.,84) with (4-17).

(Lo ) (~ withi (4.17).

(LO) 4.8)wt (4.17)-~%* ..

(491 wit (4-17)

(L)..ML.92) with (4-17).

Ivx (.1)wt (4.17).

5 (k9~ wt)~%

110*.

Now "



I~%. %

d o d f n * a n d e a l.u t e

!Juj Wmj Oa

'~~ ~ No- .. ~.

N- c41d~~ ~ u+a~ j+~ 2-(-vxj ulujy
i- j- n(..-+Xjy J1

+d D

T--, !olnt distribution of (a,b, c, d) is called a Uni~t Connlex

W~~shart~ ditrbtin

(4.14 and(4.0

15. 1) E

% * ~ * . 6 % . - N

C.5. 3) E(O + id + D

~.ni~yderine and evaluate

n C ---.- ,

o - ~- ( + u - V ~ -C- (-

en7.62)d Z' xi' yj) ~

j.5'j j y

n 1

1, U I.' v

(..5') d Zn !y jy 7



b7 H

(4a.16.5a) r ~ o~ d.Ag( D r( ~

0b A 0 %

(4 1 .) + (a I
a

Ol

A x x La

4.72 A (D).L L/l m/ a(.. LIM
x . x

0

aR

(4-17.6) g 0  00 00t s . in Po CO -C si 0)/(!.

-112-
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(4 1 . L...-~* ~ .

([a).7 If the-~ jon distrbutio of* h rn

22

a 9 X

[4.19 lr~ak 0 v Caaceraxoucioi

otthe CopxWiharaot~tafntin h distributiono X i

(b) If , the 2on dtiu .n of th r -X andi1 2).

devriabls XX a the characteristic function of teejont 2dstriutio

*([4.18) E a a

1132



')IC r#(9) der~e the character13t,14 A

fuzrotion ot the random V&rf~l X, then~

(?~2l)~ i(kX)G . *iX(kO)-

where k dtenotes'sa constant, Is the characteristic fun t Ion

of the distribution of the random variables MX

4.14 Determina~tion or the CharAotoristit N'netlc'n of the
TntComp Wihart b,.stribution .:\ '

Consider b 1b 2 b.,3 b b 2 b 3 b ,b, b b
ill 1, W 2, 2.1 24,ill 4' 44

dfined by

(4.22)
n n n

ux L1 =u b *b Z Uu b =Z uv
ii x! 1=j xJ xjg 13'3= xj yJ P14~ xJyj

b bxb2 2 Z~ 2~3 = 2x=yj' xj7j

n nl

b a b X u

.* ~~~Jul ~ ~ \*

wdhere u~je....V~j are As specified in (4.12), Thus, ''>*-*~j

* 1 1 b1 .. . , ~ re d st ib te 1 with a Wishart distri-

bution and the characteristic function of this Wishart *.

distribution is.. . .. . . . . . . .. . . . . . . . . . . .

*(4.23) 40? J IV lv Iv'j - i I

See Chapter XI of (19).



and v Is.*. given by (4.3)

(4.25~) v-02 (Iy wher y a ad0

and thit (ien 0y < i.) 6

Frdoh m (whn 0<vceit ucin 9 o h

Wishart distribution the characteristic function or the

* joint distribution or' (a,b ,c,d) is obtained as :kullows: -

By applying property.(b) of Section 4.3, the characteristle

function of the transformed variables

(4~.27) - - - .

B1  b 1 + 2 2  22 bl -b
2?11 22

R 1) b 3 3 + b L B 4 4 b 3 1 b 4

B1 3  ~ b 13 + b-4B21 b 2

133 b1 B2  b1  bt

~2 2 3  14 1 4 + b2 3

312 =b 12

B =b

34 34



N N(0 -4 .44.

4 .-V CY(0.

-,~4 NJ 4)(D-

4d

4-' ... :. .-I > I -4.
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so that the variance-oovriance matrix Y. of tho four-,
.
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Thus.. in the ,. or (h.1.. -.

::. , .. . . .- •--i

I..I .. .

• (u~uT) " "J'003o oo J Lxii (with pr.ob- '.

.. btyoej .

_:.-,';, "' Tua, in the notation ot (h,12) .... ,,.....

U X "ux xJ i vij'. __ .

7Thusa from (4a.14) and ([4.48)

- I. ...

(4.49) b , = a

a + id 2n Zd a '.'t *' 0W

so that the Unit Complex Wishart distribution is degenerate

in the perfectly 0oheront cases. It in easily seen that
5" q .2n a is distributed Furthoermore,,'g'"'

ho--. °-
: b w. a a a cos to, -d a sin ".

0 a-d lo 24i o 'd' 'o"2 -"d5

ab a
:% ' . ,. .' ." ,

0 (with probability one).
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Thu fro (443

(4a.52) P 2/.;.. 1 0 0g :

a -b 2/Y03( -40__ _

Thue, rr~ (n.W)r(n1

is~~ obaie by integrating outw

The denalty p(z, is btie byitrtngo ,

% a~b in (4.1'2). Lot

Then,

00 co.. m, '4-,,~ b'&
(4.54k) f a b' )nldab -ofdb U

0 0 00kb a ( d I. - **

COt 00 04-k
(a-b 7/T b). d.

k"0 0

-z - Y
'4 ic-0 r (k+l) '

Thus,

n co kIr (n4+7 k k* .

wr (n)a~n r (b--%) kw. r (k.
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k- k .

o k
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The5 sot5 in (458 ecera fo Y5oi
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4.7,6 "*Ore-# '1401

From (4&.52) 'bO*c.

to k

(4.61), k-..V

where here t 2 ~Fb~ TPP 0 Go -. 1

..
Thus, by integrating (4a.61) on a tsa. Table 111 (3)] ~

(4.62 Pt''b§ 0) -- (a b' )4* -- ~-.-(a b co 0o~(
vV(n) nq*

From (41.32)

P~al T (l. ieix. -5 _. .- _ -,

a~ rah (n)~(14.64)4().

.0 fora 07

Thus, 2n& is distributed XL 1.e. with probability denisity
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0 -fr U )00

(4.65) %

f or u 0 -c 0

4-.7.8 121-)

From (4.32).

?~ b~

(i.6 C%. 1 -MA %

0-i47) p(b) __ - :%..~ -

- 0 for a C .

.NI.&* 2r.b In di trlbuted ***,** 1

* ~~Prom (4i.32) -. ~**

(4.69) p(e') T fd(,O,.O T- +~ a- 3 ( io~ )
Thus, by. Table Il (6) -

t470 a( do 1

uh sr e K.v( la)*IocLas a Bezv~l function of the third

% A. tt~d.T11e Be88el ffureticrls arnd zditied Beasel timetions

reduce to combinationa of elsentary fxtuetons when the order 76 E

v is half an odd integer. (Ste Table 111 (4&)]
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4-7.19 p(g r-

By integatingh 0on In. (4~.83) I.-ie Tabl* 111 (8)J

4i.7.20 PIXfU . .'.-a

Fromn (4t-17-5),(4-17.6),(4.17.7) and (4.10.5) y ,--

Thus, from (483

( 4 8 7 1 P I C0 , O - ( a + ga'

4.7.21 pf

Bly i-tograting ona 0 hin(!s.87)

2n 03 n~ fa
(4.86) PIC)

ao + 
Ca~l%,jp

Furthermore, n*-

0

4 -7.22
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ThUm8 from (4.31)

4-7.21

-- BY integrating or I i~ ~1 .91) (see TableiII(

(4~.92) p (93geu6 r4*'.

b~y inta.3rating on AH Irk (4. *) (zoo TZUo blaI! ()

(4.93) p(r (n4l

in (11.81) let 
. A

U tan (~)

so that

(4-.95) coa( -l 2 ( du

and therefore.
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-' 001?'Ke) ~y~3

I. .Thus, (se. Table 111 (9))

(4&97) p (g) - 2n 1+y,;

~~jr .
(k+j)r (r-k4-)- Ii.2ygX! ~k

k-0 r(ic.,.)r(n-k+l) 1+2Yg+g'

Lot

(4C~.98) 9 YaU- 0 )

4 Then, (4.81) ad 1-. oxprosd in the form

(4.99) p~g,# - ri~

~~:lOO + tg...n(g+) -+'.

00
(4.10) ( ~ g, )d

00

2v 0 wtl. 3 '+Gpq.)ij

Rov lot

(L.101) (1.-8) tani v **
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katTI4
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0 fl~55SsCS+.)jn4I are sin A l.s)t
.w.h. earn .C .r, i. , ,

* FProm Table 111 (3.0) . -

Co 0 2ny dyj Ba(,4
are @in a 2ri(h+1)

where B a(, ) denotea the .ncomplet, Beta funotion [ase

T Table 111 (1)), ard the plus sign applies if a < 0 and

n*. ' the minus sign applies i s > 0

Thus,

.(4.104) o .- ,.-., .- ,-*

where a w -y cos .- o ), Box( t ) denot s. the Incomlete

Bot,. tNUxition [met Table Ill (1)] the piu= si8±; tpplis if

Ii r and the 'unus sign applies It n W

Fr om (4.16.5)1(4.35) and (4.59) . ni. .Da- . "..-,

(4.oS .~l 's

-: , "__..(,')2n-l. -l, Cl_,,)n-$ (+1 ( 2y % a' ' ) .'.-..
4.7923 %(r. .z).

From (4.105) and Table III f3)
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Ii.72 (.41o7 byIntigrating on tas Table 111(2)!'PI

00r 2i j
(h.105) p(r) z 2.khkn.-

Dy uzing the-ratio test-vne -qtskb1',qh~ thmt the auntwi t~

%(%.!0) jnergeg fo~r ~ Li.e.-for 0 r < cu tr

P romn (4,59) b'y Lnt.grating stagt es Table, III (2)D1

(1.C')p(a:b ) -Y
r~) i:-o r (k4.l)r(k~n)

From Tablse XU (11) -

(ts.110) ) *~ 8 ab)4 (t1)&a -

Frum (t4.74) by IntegrAting on dolse. T7able III (IJ))1
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where Y *in~ A0

Ae Sof similar Inequalities can tec' ta.red by on-

closing th'i circul elc f ie (5)Inohregns

Thus (see square region of F~ig* (5)), W
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Funotions and Tnthtgtl .

1A
(1) 1 Xnaomlate beta function Bx ( pq) -tPl('-t)q'ldt...

(2) Beta function- B(p,q) b Ip -t)qdt.

- • "" . 4 z" '.. " "

" (2 Oamma function r(P

, Bessel funotion with purely imASInary ,rgwent _ .'_ -. '.,

" ' " -o . - 04 .

* L. Modified Bessel function of the third kind of order half "

-... £ jI S ( ~ : z 0**.

I' _

": i ~~~~ ~~ko ki r( n-k ) -"-" -"-" '

(u-&) n  • " du -r(n+i)l * 9 l-

This definition of the incomplete bet. function is the one -

given in (4]. In mathematical statistics it is customary to .
refer to the funotton Ix(pq) a Bx(pq)/B1 (p,q) as the

Incomplete beta function. .
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Table III (cc tinued)
a.1

S a1 -tfunctionoi .wIth pu.relZ iznaginary m-guinen t of _______

ordor Hair an odd itger1S

e1 -n-k)'d 2'k 
*1~

where

xF d(zu)n x

so that A. -

where P nare polynotilsl in z
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a b-b r ~nnl)
(7) ___ du n+ Rb 0

(8 /a~af~ rvk~ r~kirnk1

00 n

140 (a +xu' 2& kor?,~~nk

n- 1

I.'0) Dcsn d an 4( -) d

0- 0 sin.
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J1 (i1), Mod1.tled Seamls function of the first kcind
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n-I
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ary(zeo oun Onmssaivecorprocess. The response of a

It Is shown how certain functions or the speotrali coBpeotFrlD *

and quadrature spnotral dansitioa of measured Input-output

records are related to the frequency response function of the

system, extraneous inputs to the sydtem, and errors in me&-

suring input and output,!. Xt -is then indicated how the sairpling *

*variability or estimators for theme functions can be discussed

by means of the results of chapter 44.:~~-

~dThe Joint Disribution of Eutimatorp for t0-0 Spectral$U .A~trl _ _aqudrtr i 11
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(kp•ca .~e with a%,. Uni Comple ,ihat diatnI

=,2.. ,, '. .. ",-y,.

ollows nrom (4t3) thatude . .. ,.'.,,
Y 48

4 
.,-... l ,o]d I..wta Uni Cope W .hr .it~bto .,,-.,,,..

o that. . .. (4.34)

,. ....,

Cov%, , ,,",P

14.. 3' "' ..-.i (aeo t ( t ) m " - n,

'~ *,,.,* .*...:"- - .'______-__

a' - ' * '',.S....,, * *. ...**"...



~dp..', (~.3)oontlnued- A )

(HEQ)(H.,.* 
aa

(ad) 440 Cov(

VIN

A.A

na A ''%'-
C( V(

(bb) n - _ __ _ __ _

-. 01

(bod) n bd ol no

cov(~ 1 , 
''aa

*t
Abd -b no*

''aDOW'

% --. * a.

-k %.

(cd) nod______ *

A.!

a- * aa * a



(dd) q- Q3

2 Var(a )
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functioni con'terad at
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% (1) .h d. f ,, . q,% a ,.

( 2 ) M- . ... 
l t . . , k e r n e l

Tha oodto (1 ) isstsidcnotnb sal shed

f r o m a p. ..... 
. . h-i r .....

th (1) the densities (1 ),(r), c(2) q(3) are pproximteiy 
5'r momo

Q nsa -t ove t h e w idt h of the fi lt~ers,

Sec (to 2.r is sugcently, lage that the F detr kernel

-" (3) m snficoently lage (i n mall compared to t 1. .e-
.1,1. .. • . m

o That oondiion 1) above is satisfied can often be established -' s's

i f~~rom a priori k¢nowledgi cit fxk), tfy(1), c(1), q(.%.). Th~us, when".'-'-

becomes .f-tthe Iondiions (1)) (2), (3n ot' satisfied no the flers vo- .

""leton 3.6 are used, it is suggested that xn be determined froM
+'.' '.'., " ( .ii). When condition (1) is not £atisfie'd, t.+ dctur.ilil1tion&

as b-w 

-2"~~~or an appropri_ te n to use in the Complex Wiahart diaxtr, bution ':}

, becomes diffioult. If oondition (1) is not too flagrantly vie- '.-. ,* ,,

lated it is ouggested that ~ i n~ * • n (  be computed""''g
: i: ~ ~~~~aa' ab'"" d''-.'."

from (5.3) uning (3.23), (3.38), (3.4O) and that (i) be taken

as the iinimum of the na n nib*** d so determined..'. aa ' s~F. b • ' ' dd S _ _ .__ _, ..

.X -... When the densit'Les f WX, f () q(X) vary greatiy over

x.. the widths of thc filters, the use of the Complox ,Wishart dis-

tribution is no longer Justified by the argt.ment of Section 3.7.

Tn such casna i.t may bo possible (from a priori knowledge of
f3,. f )), f (X) , cO ) q(x) to tra +.o- OrM X ,, 1  into [ R , y

by a linear transformation 
of the form

* -5 a... c,), q. 5
,.-o'.n'omo(x]y°l i"t

-1-0

% %
1 N:- . .



where KC ) denotes the impulse response fczt an of the syatem

and. L. denotes the linear operator expressed on the right hand

side of (5.13).

The .p etalff .aLx are ''agenfunctiac-s of the op3ra tor L

and

(5.l.) L a ije)t

where

0

The f un ct! n g(x) is Called t I a f r a, =- e spons e f -nc ticn

or the transfer funiction of the systerx L a-ad~ char&aa tr iais

thesyse=-, From (5.1*.) one obsorves tlhat esetay

* gives the output of the system L* to a s!.nusoida. input, of

f requenc-3X A a iraplma corpu ta t ion. shows tha&-t

(5.16) L sirn Xt -MX)s in Xt + v(X)ccs -: = l+v si.nI t+~(x I

where ex]~x ~X 1x

Be st AV alable COPY



- I ~iX dr and. Y(X W ~~ d.

Th, determination of' the freqliency response func t ion

of. a yst-em is of considerable practical interest.* %0c %ouzt-

tion has been devoted to the problem of experimentklly. do6r -

mining th- frequency response function of a system and several

r-zthods .have beon. employed. The methods customsrily employed

di ffer essentially- in the" choice of ie input excitation used.

The classical me thod i3. suggested by.(5.16). if the system

L is subected. to a sinusoidal input of fraciuency X, the

resultan't output Is 'slso sinusoidal. of frequency. ). but possibly

of diffez-ent amuplitude and phase. The amplitude 1u21,+v;3%k

gne, phase ())determine ,~X.Thus, the value of the frequbesny

response fun:ction g(X) at frequency~.is determined by zueasnu'ing

the 'amplitude aknd phase of the output which results from a sin-

.1soidal irmput of froquericy X.The function g(xjis explored

by latt-1r-g I. vary through a set of frequencies IXi 0..*,X,9

A S-atond method -is' suggested by (5.13) and (5.15).. If

the syi t4= L is suhlected to a unit-impulse input (i.e. ideally

X ue ..here !5(t) dconotes the Dirac delta function. )then

as i 3 a n 'o ni (513]the output is y(t) K(t). Trhus, if

the res:: culting from a unit-inoulse inp~ut is m.easurad, the

f vq 3 ,a r >t i OV in calculated by using '(5.15).
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A third m~ethod (whic ncludis the first tuo as specia~l

ca~)is 'auggested by 0'.17) If Y(t) totht'e Output

resul ting fro= ian arbLtrary iLt.,u t Xt .(fo- Which L. Fourier

t.ranstorm. oxlistz then the frePquency response fun~ction

i3 ca!culated by U31n~g (5417) provided VIAt XOL) 90.

Ihn the preceding discusslon~ of. the three reathods no r.e n-

tion is made of difficulties that may be encountered in

attemp t in g to, e~ploy the methods,' Such di ff icul ties3 are':

(1) difficulties in exciting, the system by the

desired input or. input a.

*(2) existence of extrsneous .- s InPuts to the

(518 ystem whi ch are .not . eas ured.

(3arrot-3 in measusring 'the inp.;ut and output

(q4 conputational d.Ifficullties,

In the app'lications of th7e nethods discussed above con-

sideration 42 uiua11y directed d-Ificultles (51.)and

5S1.4 azid* the partioulsar r-et"- d emplo-yed. ina given sit-

ultion reflects the r esult! c f such consi~deratIcn. When the

errors and extras.a 'i.poiseaaze azall~ldifficulties, (S.2)

&nd (5.18.3) aze ig nored, bu-. when the er-rors &.nd OX*%'ane.oUS

rclCsb Rrf no: lAonger sms-bly t~b .- a the nthcd3 become

inaPP1cab2.e as no nea-ns of el'-1ating. e' sasssln thea effect

Best Available Copy



the frequency response function whica 1n certain cases circum-

ventsthese difflcultIes to some degrkee is suggested by Y.W.Lee

in 19. The method essentially invof.,es subjecting the system

L to a random noise inpu.tpmeasuring, the input and output, and

from the measured Input-output recordi 'determining" the input

spectral density and the.cross-spectruz density between input

*nd output.. Under suitable as sumptCcus (input measured without

error, input incoherent with* extraneras noise),the ratio of the

cross-spectral density to the input. . 'rectral. density gives the

frequency response.function 'of the a7m-.em. Lee t 9 ) essentially

assures that'the covariance functions and spectral densities

required to determine the frequency- r.zponso function. are known

exactly (or equivalently that an in,--te sample record is avail-

able). A quantitative basis .ror appling the teethod with only

a finite sample record of input and clutput and when errors in

the zea. ured input exist is not prov:t od. Such a quantitative

basis can be provided by recognizinm, the problem as one of the

Joint estination of the spectral, cat:;I'ctral and quadrature-

spectral densities of a certain two d..ren31 ional stationary

Gaussr..- vector process and utilizinig the results of khapters

3 arnd 4 w"hich deal with the otati. t,:.-1 cstimat!on of functions

or these densities. A. discu'.ision cC" !.he stattstlcal estimation

of the frequency response function :f L linear timo-invariant

systen is now presented.
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cConuldar the f oI1cwgi, 'e.

n(t)

x t +Lt)t

Wilt~b 2rofearence to Fig. ()

x 0)

n( t) e xtrsanecus m t imrut

a0 t W. error ns~s.7; utu:. cu-u )

X4*() t) )r + &~d :L-_t.ie

y-C)+ vu~ ~n

Licabherent. with each 0 1!.it. et)- c

x ta tmple functi a a~~r :~ ~~ "

* rc. the density func tc.s i z.-. 2:4~-
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1*4.4 
.4

f unctions or averages of the densitles fxx fVYC q where

the averages Aa much as t~ .-~antrate moat of thietr weight

in narrcw frequency bande, liven~ below In Table :V is a list. ~.*~-
o: the functions to eetr',e iin the ense just diSCU33ed)

- sid the estizators for these fUrnCti.3.. Tho Conplex-Wiehart Ir

d'.tribution and related dii 9u~.-L13 derived In Chapter 4.

* give the distributions of the eetims~toru. Teditiutos4

Teresults of Section 4~.8 ec' be used to plsa experiments

-- .2 a2.ve

Y. a..4 % * 4

are Tresin % %

. [ -i -q~Sanple phase)-(True phase) <

In (S.2.), 4 and sin4p are given by (5.23), where S~6 *@

.. x

I. - ~159 - * * *
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% est..a*q -

(52) Ni N- efft o ectrve legho*eod

Y a priori estimate of coherency#

P*confid'ence level.

Furthermnorei, in 5-.2W.

Samzpl: i;ain _____

A A
Sample phase Ar-

where the polynowial filters used in com~puting the are

% %1
given by (3.99) =nd the polynomial filters used In computing

the 8are given by (3.100). and In each ca.(KO#K3) is given P

by (3.98.1). With P- 0.75, Y'0-0 m=30, N1=1000 one has

(see Table V) sib PW0.21l. C 12'. What 13 achieved with a

record twice as long? With P *0.75, y*=O.5C, min30, N'=2000 _________

-160o 
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1..Table IV

....... *LZ IP~** n 3 ti1 jr .tA Linear Tl"~-Invarlant S3e, u . .

Pcio attuator Coetplax Wishert Relevant DistributLwa
-~~ £e01yitetd .. Variable .

. . to Featirtor

r (4.67)4 4Jj1'3 -

q ~~(14-70),(4-115) I

% .

A 4y A

AF. -0

'I- . ~ ..±x~2' ' (~97)Ui- . S p j

Pp __ ____ ____ ___ _ ____ ____ ____ _____ ____ ____(4.60__ \ -4P551.

ru A- CO D4.0)

1For additional astimators re.',r to the material of Chapter Z4 dealing

wiLth rho doit:' it repression tcoffic'ent. In par~.ou'i.r se(49)

(41) an, kXtl -

itl
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